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INTRODUCTION 


In  this  thesis  we  will  treat  the  initial  boundary  value  problem 
for  incompletely  parabolic  systems  of  partial  differential  equations. 
Incompletely  parabolic  systems  are  of  the  form 


(1.  l) 


’ f^  (x,t )' 


f (x,t) 
r 


such  that 


u = P(x,t,D)u 


is  a second  order  Petrovskii  parabolic  system,  and 


v = Q(x,t,D)v 

is  a first  order  hyperbolic  system.  (The  precise  definitions  will  be 
given  in  Chapter  II.)  The  operators  A(x,t,D)  and  B(x,t,D)  can  be 
arbitrary  first  order  linear  differential  operators,  where 


Incompletely  parabolic  systems  arise  in  many  applications,  we 
present  the  following  two  examples. 


1 


1'  Coupled  oound  and  iiea’  /low  'Richtmyer  fl',  170 ] ' . 

du 


de  o'  e 

3t  ' r T 

r*X 


- C 


OX 


cHi  , , oe 

= cd-r 1 -t- 

ot  1 'X 


+■  c 


ov 

ox 


dv 

St 


du 


For  the  higher  dimensional  equations  see  Pyasta  [ l'+ , p.  210]. 


2 ) Viscous  Shallow  Water  Flow. 


u.  = u--u  - uu  - vu 
t x y 


- 


V,  - u-.v  - uv  - w 
t x y 


m =-cpu  - cpv 
t x y 


uci 


- vq 


This  second  example  is  a non-linear  system",  however  we  will  consider 
only  linear  systems. 

The  literature  on  incompletely  parabolic  systems  is  sparse.  The 
first  example  above,  due  to  Richtmyer  f lo  ] , appears  to  have  stimulated 
the  subsequent  research.  Novik  [13]  and  Lions  and  Raviart  [ 9]  proved 
existence  theorems  for  the  Cauchy  problem  using  very  different  methods. 
Novik  used  finite  difference  approximations  to  prove  the  existence  of  a 
solution  while  Lions  and  Raviart  used  functional  analytic  methods.  The 
name  "incompletely  parabolic"  comes  from  the  paper  by  Belov  and  Yanenko 
[ 3 ],  in  which  they  discuss  the  smoothness  of  the  solution. 


2 


* 


t 


In  all  of  the  above,  the  leading  symbol  of  the  parabolic 
operator  P(x,t,D)  was  assumed  to  be  negative  definite  and  the  leading 
symbol  of  Q(x,t,D,'  was  taken  to  be  symmetric. 

Difference  schemes  for  Example  1 are  discussed  by  Richtmyer  [ l-’j 
[see  also  Richtmyer  and  Morton  [17],  and  Morimoto  [ ll] ) , and  difference 
schemes  for  other  systems  are  given  by  Pyasta  [ l’+]  and  Lions  and 
Ravi  art  [ 9]. 

It  appears  that  the  initial  boundary  value  problem  has  not 
been  treated  in  any  generality  before.  The  results  of  Lions  and 
Raviart  [ can  be  applied  to  coercive  boundary  conditions.  We  know 

of  no  other  treatment  of  the  initial  boundary  value  problem  for  incom- 
pletely parabolic  systems.  Our  approach  is  similar  to  that  which  Kreiss 
used  for  strictly  hyperbolic  systems  [ 6 ].  In  unpublished  work,  Kreiss 
has  applied  the  same  method  to  parabolic  eauations. 

We  have  chosen  to  consider  only  problems  that  are  well-posed  in 

2 

the  L norm  for  several  reasons.  The  first  reason  is  that  the  determination 

2 

of  whether  or  not  the  problem  is  well-posed  in  the  L norm  depends  only 
on  the  highest  order  terms.  Moreover,  one  need  only  consider  the  frozen 
coefficient  problems,  that  is,  the  constant  coefficient  problems  that 
arise  by  fixing  the  values  of  the  coefficients  at  each  point  in  the  domain 
being  considered. 

Secondly,  in  computing  approximate  solutions  to  partial  differ- 
ential equations  by  means  of  finite  difference  schemes,  it  is  important 
to  establish  the  stability  of  the  method.  [Stability  is  the  exact 


3 





analogue  of  well-posedness . ) For  variable  coefficient  difference  schemes 
there  appears  to  be  no  general  approach  to  stability  apart  from  examining 
the  frozen  coefficient  problem.  But  this  approach  can  not  be  valid  for  the 
difference  equations  unless  it  also  applies  to  the  differential  eouations. 
it  is  important  therefore  to  distinguish  that  class  of  partial  differ- 
ential equations  for  which  such  an  approach  is  valid. 

The  chief  results  of  this  thesis  are  stated  in  Theorems  6.1  and 
6.2.  They  show  that  one  can  determine  whether  an  initial  boundary  value 
problem  is  well-posed  by  checking  certain  algebraic  conditions  at  each 
boundary  poinf . These  algebraic  conditions  arise  from  examining  the 
frozen  coefficient  initial  boundary  value  problems  for  each  boundary 
point.  The  necessary  and  sufficient  conditions  for  constant  coefficient 
problems  on  a half-space  to  be  well-posed  are  stated  in  Theorems  4.5 
and  5.1. 

We  now  briefly  outline  the  remaining  chapters.  In  Chapter  II 
we  define  most  of  the  terms  and  notations  we  will  be  using  in  this  thesis. 

Chapter  III  deals  with  the  Cauchy  problem  for  incompletely 
parabolic  systems.  We  establish  an  energy  inequality  and  use  it  to 
prove  existence  and  uniqueness  of  solutions. 

The  initial  boundary  value  problem  on  a half-space  is  the  topic 

of  Chapter  IV.  We  first  consider  the  case  with  constant  coefficients 

obtaining  necessary  and  sufficient  conditions  for  the  problem  to  be 
2 

well -posed  in  an  L norm  with  scaling  factors.  The  scaling  factors 


Mi 


4 


are  needed  to  accommodate  both  the  parabolic  and  hyperbolic  behavior. 


r 

I 

I * 

i 

Then  using  a Garding  inequality  we  extend  the  results  to  variable 
coefficient  problems  on  a half-space. 

2 

In  Chapter  V we  introduce  another  scaling  of  the  L norm  which 
is  also  appropriate  for  incompletely  parabolic  systems  on  a half-space. 

Many  results  are  analogous  to  those  of  Chapter  IV  and  are  stated  without 
proof.  In  addition  we  show  the  relation  between  the  various  scalings. 

For  the  sake  of  completeness  we  also  state  the  necessary  and  sufficient 
conditions  for  the  parabolic  and  hyperbolic  initial  boundary  value 
problems  on  a half-space  to  be  well-posed. 

The  initial  boundary  value  problem  on  bounded  smooth  domains  is 
treated  in  Chapter  VI.  We  apply  the  results  of  the  Cauchy  and  half-plane 
initial  boundary  value  problems  to  obtain  a sufficient  condition  for  well- 
posedness . 

In  Chapter  VII  we  present  a theory  of  pseudo-differential  operators 
that  depend  on  a parameter.  We  then  construct  the  symmetrizer  R(cu,s'' 
which  was  used  in  Chapter  IV.  R (<n , s ) is  a pseudo-differential  operator 
with  the  parameter  Re(s).  We  then  prove  analogues  of  Garding' s 
inequality.  These  are  used  in  Chapter  IV  to  extend  the  results  for 
constant  coefficient  equations  to  those  with  variable  coefficients. 

In  an  appendix  we  give  several  examples  to  illustrate  the  method 


■ 


i 


I 

I 
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CHAPTER  II 
PRELIMINARIES 

!r.  this  jhap'er  we  define  many  of  the  terms  and  the  notations 
will  be  used.  r,i  the  first  chapter  we  defined  incompletely  parabolic 
, : r.  terms  of  Pe*  rovskii  parabolic  systems  and  hyperbolic  systems. 

.v-  r.ow  state  *h-  definitions. 

Lef  in  L ~ : or:  ■- . 1.  'f  p(x,t,D)  is  a second  order  linear  differential 
operator,  then  the  system 

(2.1)  ur  = P(x,t,D)u  + f(x,t) 

is  Petrovskii  parabolic  if  the  eigenvalues  k of  P(x,t,f|)  satisfy 

(2.2 ) Re  > _ -a(?2  + "•  + S®)  + P 

for  some  positive  constants  a and  g independent  of  (x,t). 

Definition  2.2.  If  Q,(x,t,D)  is  a first  order  linear  differential 
operator,  then  the  system 

(2.3)  vt  = Q(x,t,D)v  + f(x,t) 
is  hyperbolic  if  the  following  hold. 
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1 


1 


I- 


are  purely  imaginary 


2.  Fhere  is  a con*. inuous  matrix  valued  function  T\x 


ome  con st an 


rictly  hyperbolic  if  all  eigenvalues  of 


5 are  distinct  for  ? / 0 


symbol  of 


vector  a,  a'  will  denote  the  transpose  and  the  conjugate 


imilarly  for  a matrix  A,  A"  will  be 


ranspose  will  be  denoted  a 


then 


x,  ? G ]R  , x*5  will  be  the  standard  inner  product 


For  vectors  u and  v in  E the  inner  product  will  be  written  u v 


and  the  norm  will  be  given  by 


For  a matrix  A the  norm  will  be 


If  ° c P 


n+1 


and  u and  v are  measurable  vector  functions 


on  I x [0,-),  we  define 


(u , v i 


1, 


T 


u',x,t)J  v(x,t)  dx  dt 


0 o 


and,  similarly, 


'u,v> 


T>o- 


-2  It 


uVx 


, t ) ' v (x , t dx  dt 


0 d-t 


-he  corresponding  norms  are  !u'  and  u N, , respectively. 

"h  --  l,d.  * J 

We  shall  use  'w ! to  denote  the  norm  of  the  function  w in  the 

T y'.l 

Sobolev  space  Hr  ( 1 . The  subscripts  ',Tl"  and  "r"  on  the  norms  have 
quite  different  meanings,  but  this  should  cause  no  confusion.  We  will 
drop  the  "fi"  and  "d.Q " whenever  it  is  clear  from  the  context  what 


is. 


When  ' = F we  have  the  relation 


!|u||2  = r 

B n 


|utp>,  q it)  |2  do  da 


where 


i(co,s)  = (2ir)_  'n+1^2  / 


-st  -io-x  , \ . ,, 

e e u(,x,tJ  dx  dt  . 


0 Pn 


For  f € lr(]R+)  we  define  ||f||+  by  ||f||2  = / |f(x)|2  dx. 

0 


8 


Definition  2. 3.  We  say  a function  f(x)  tends  to  a constant  as  |x|  ^ 

if 

1 there  is  a constant  f such  that  f(x)  ->  f as  |x| 

00  oo 

D^f(x)  ->  0 as  | x j °°  for  all  a > 0. 

Definition  2.b.  We  say  a function  h(^,s)  has  parabolic  homogeneity 
of  degree  r if  for  p > 0 

p I* 

h (pu),p  s ) = P h (oo,s ) . 

Similarly  h(cs,s)  has  hyperbolic  homogeneity  of  degree  r if 

h (pu),ps  ) = pr  h (<n,s  ) . 

An  algebraic  lemma  we  will  need  several  times  is 

le !rmaL_2_;_l.  If  A is  an  a x a matrix  and  B is  a b * b matrix,  then 
the  equation 

(2.5)  AX  - XB  = C 

has  a unique  solution  if  and  only  if  no  eigenvalue  of  A is  also  an 
eigenvalue  of  B.  Moreover  if  8 is  the  minimum  distance  between  the 
eigenvalues  of  A and  B,  we  have 

(2.6)  ||X||  < k 5"1 

for  some  constant  k. 


ML 


a+b-l 


llcll 


9 


r 


■ roof.  By  Schur's  Theorem  (Jacobson  [ U- ] , page  1S>3)  there  are  orthogonal 
matrices  0,  and  0_  such  that 


A = O^AC 


and  B = 0^B0g 


are  lower  and  upper  triangular, respectively. 

Then  (2.5)  becomes 


(2.7) 


AY  - YB  = C 


where  Y = 0^X02  and  C = O^COg.  Note  that  ||y||  = ||xj|  and  ||c||  = ||c| 
We  can  rewrite  (2.7)  as 


V2.  ' 


a) 


(a. . - b. . )y.,  = c.,  - Z a.  .y . + Z v .b 

ii  kk  Jik  ik  , i./jk  J<kyijjk 


J<i 


Equation  (2.8)  is  a recursive  formula  for  the  elements  of  Y in  the  order 


yll'  y12’  y21’  Yiy  y22  ’ ’ ' ‘ ’ yab  * 


Equation  (2.6)  follows  easily  from  (2.8).  We  also  have  that  if  a = b 

ii  kk 

for  some  indices  i and  k,  we  lack  either  existence  or  uniqueness. 

This  proves  the  lemma. 
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CHAPTER  III 


THE  CAUCHY  PROBLEM  FOR  INCOMPLETELY  PARABOLIC  SYSTEMS 

We  now  consider  the  Cauchy  Problem  for  incompletely  parabolic 
systems  and  give  some  conditions  for  its  well-posedness. 

We  rewrite  (l.l)  as 

n n 

(3-1'  u = -L  P.  . (x,t)u  + t A.  (x,t)v  + F,  (x,t) 

i j J=0  J l j k=0  k 


v = L B (x,t)u  + >2  a (x,t)v  + F0(x,t) 
k=0  K xk  k=0  ^ xk  2 

where  w = (u,v)’,  wr; . x ) = w[x,0)  and  u and  v are  vectors  of  dimension 
p and  q,  respectively. 

The  lower  order  terms  in  (l.l)  have  been  dropped  in  (3.1)  for 
simplicity,  but  it  is  easily  seen  that  they  do  not  affect  the  subsequent 
results . 

We  seek  conditions  under  which  (3.1)  is  well-posed. 

Definition  3-1-  The  system  (3.1)  is  well -posed  if  there  are  constants 
C and  t)o,  independent  of  wQ  and  F = (F1>Fg)'  such  that  for  q > ^ 

(J.a)  HI*  < o(||v0|||  . ||p||2)  . 

Equation  (3 - 1 ) is  said  to  be  ill-posed  if  it  is  not  well -posed. 
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We  consider  (j.l)  in  relation  to  the  two  systems 


(3.3) 


n 

u,  = L P. . (x,t  )u 
t . . _ ij  x.x. 

1>J=0  0 ij 


(3-4 ) 


= £ Q (x,t)v  . 

k=0  k *k 


We  have  assumed  that  (3.4)  is  hyperbolic,  we  now  show  that  such  an 
assumption  is  necessary. 

Theorem  3-1.  If  (3-l)  has  constant  coefficients,  a necessary  condition 
for  (3.1 1 to  be  well-posed  is  that  the  eigenvalues  of 


(3.5) 


n 

1 1 Vk 

k=0  K K 


be  purely  imaginary. 

Proof.  We  Fourier  transform  (3.1)  in  the  spatial  variables  and  obtain 


u’ 

V, 

t 

/ 

P(S) 

iA*8 

iB-6 

iQ*  1 

\ 1 * \ 

/\ 

„ 1 

U 

F,  \ 

1 

/s  + 

A 1 

V 

F0  1 

1 

V 2 / 

where  P(£)  = -E  P.  .5.5.. 

10  1 J 

A well-known  necessary  condition  for  well-posedness  is  that  the 
eigenvalues  of 


P(8) 

iA-n 

iB*8 

iQ'5 

12 


have  their  real  parts  bounded  above  for  all  Now  let  >(§)  satisfy 


(5.6) 


det 


X - P(0  -iA‘£ 

-iB’i  X-iQ-5 


= 0 


If  we  replace  5 by  p ^5  and  X(|)  by  p ”1"X,(£,p)  then  (5*6! 
becomes 


-(2p-tq) 

P det 


PX ' - P ( 5 ) -ipl/2A-|  . 

1/2  |=  p"( 'p+q)p(x\5,e>  = o 

\ -ip  ' B*S  X'  - iQ-6 


Now  suppose  a root  of  p(X',£,o)  = det(-P(g))  det(X'  - iQ| ) had  a non- 
zero real  part.  Since  X' (-£,0)  = — X * ( S ' >0 ) we  may  assume 


Re  X^(5q>0)  > c > 0 . 

By  restricting  p to  0 < p < e,  we  obtain 

Re  X^UQ,p)  > | c > 0 . 

But  then  X^(p  = p ^_(£q>P)  has  arbitrarily  large  real  part  as 

P -»  0.  This  shows  that  (3«l)  is  ill-posed  if  (3.5)  has  roots  which  are 
not  imaginary. 

Theorem  3-2-  If  (3*3)  is  Petrovskii  parabolic  and  (3.U)  is  hyperbolic, 


then  (3*l)  is  well-posed. 


Proof.  Our  proof  will  rely  on  the  theory  of  pseudo-differential  operators. 
We  define  the  symbols 


P(x,t,6)  = -Z  P. . (x,t)|.  I . , 
ij  i J 

Q(x,t,5)  = i Z O^lxjt)^  , 


and  similarly  A(x,t,<-)  and  B(x,t,|).  We  set  !Ig  (x,t,  | ) - T (x,t,| ) T(x,t, | ). 
where  T(x,t,|)  is  as  in  Definition  2.2.  Following  Kreiss  [ 7],  we  can 
construct  a pseudo-differential  operator  H^(x,t, |)  so  that  we  have 


t 


a ) 


(3.8)  < 


b) 


Re  HP  _ (-  + y)H1 

Re  H2Q  _ TH2 


and  Hg  have  Hemitian  symbols  and 

1 


C0~  Z V H2  S cq 


for  some  positive  constants  c^,  r>  8. 


Now  for  a solution  (u,v)  to  (3*1)  we  set 

E = (u,Hju)  + (v,HgV) 

where  the  inner  product  is  the  usual  L"  inner  product  on  TR11"^.  We  then  have 

Et  = 2 ReflujHjUj.)  + (v,H2vt))  + (u,Hltu)  + (vjH^v) 

= 2 Re{  (u,H^Pu)  + (v,H2Qv)  + (u,H^Av)  + (v,H2Bu) 

+ (u>H^F^)  + (v, H^Fg ) } + (u,Hltu)  + (v,Hgtv). 
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Now  using  Carding' s inequality  and  (j.b)  we  can  estimate  the  first  two 


terms  by 


CE  - BtVujH-jVu)  , 


and  the  second  two  terms  by 


CE+  (Vu,H.Vu), 

e 1 


and  the  last  four  terms  by 


’•o  we  have 


CE  f JjFir 


13-9) 


E < CE  + ||Fl[2  - c[|Vu|[2 


and  this  implies  (3*2). 

We  shall  need  two  other  energy  inequalities  that  are  proved  in 
a similar  way. 


(3-10) 


i|w(t)||2  + / || VU (f)||2  dt'<  C (||w  ||2  + f ||P(tO||2  dtO 

r i i >r  1 r r 


for  all  t € [0,T]  and  all  integers  r. 


(3-11) 


!|wli2  + ||Vti||2  < c(||w0IIq  - Re(w,HF)T 


where 


15 


In  3 . 10 ) the  norms  are  those  of  the  Sobolev  space  Hr(ln+^). 

We  now  give  a short  proof  for  the  existence  of  a solution  for 
the  lauchy  problem  (j.l).  Vie  modify  the  proof  given  in  Taylor  [ivl 
for  symmetric  hyperbolic  systems. 

r,  ,r 

For  convenience  we  will  write  w * (u,v) 1 E H 1 ^ (si)  if 

u •'  H 1(d)  and  v e H 2 (ft).  Let  Hr  = Hr(En+1)  and  Hr,r  = Hr. 

Theorem  3.3.  If  w^  Hr  and  F £ L'([0,T],Hr  then  the  Cauchy 
problem  (3.1)  has  a solution  w(t)  such  that  w€  L‘~([0,T],H  ’ 

and  w £ C(;0,T],Hr’r). 

Proof. 

V.'e  abbreviate  (3-l)  by 

(3-12)  wt  = K(x,t,D)w  +■  F. 

Let  J (x)  be  a Friedrichs  mollifier  on  En+'L  for  0 < < < 1, 
€ — 

and  consider  the  equation 

(3.13;  w = KJ  w + F 

= K (x,t,D)w  + F 


W5H 


with  w = wQ  at  t = 0.  Equation  (3.13)  is  an  ordinary  differential 

P 

equation  on  H . Using  the  standard  Picard  iteration  procedure,  we  obtain 
a solution  w'  of  (3.15^  and  w 6 C([0,T],Hr  . Let 


H(x,t,f)  = 


\ 0 


Hg(x,t,§  1 / 


It  was  shown  in  the  proof  of  Theorem  3>2,  that 


H (x,t , | ) K(x,t,§)  K (x,t,§)  H(x,t,  5 ) 


/ -Clr  + c0  o \ 


H (x,t, | ). 


It  then  follows  easily  that 


KK  +■  KrH  < 


-=P2  * 'b  0 


c ' 

0 


where  the  constants  c|  and  c,V  are  independent  of  ■ . This  implies, 


(3.1^)  !|v‘  (t)|P  + .f  ]|vu  (t1  )]|^  dt' 


- Cr,T(||w0,,r  fQ  llF(t')Hr  dt' } 


for  all  •'  € (0,1]. 
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— 


Equation  (3*lU)  implies  that  {w  ) is  a bounded  subset  of 

L‘^([0,T],Hr+  ,r).  It  follows  from  (3.13)  that  fw^_ ) is  a bounded 
2 r_i  r-l 

subset  of  L ([0,T],H  ’ ).  Integrating  we  see  that 

(.3-15)  {w  ] . ^ is  an  equicontinuous  family  in  C([0,T],Hr  ^,r  ^ . 

Equation  (3.1k)  also  implies  that 

(3.16)  [w  (t)}^  ^ is  a bounded  subset  of  :ir  for  each 

t € [0,T] . 

We  now  apply  Rellich's  compactness  theorem  (Agmon  [ 1 ],  page  30ff) 

e.  00 

with  Ascoli's  theorem  to  obtain:  l)  a subsequence  fw  ),  , of 

k=l 

(w  )n  where  -»  0 as  k -»  and  2)  a function  w 6 C([0,T],H  ) 

such  that  w ^(t)  converges  to  w(t)  in  Hr  "*" ( Q ) uniformly  in  t on 
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Using  the  energy  inequality  (3.10)  we  see  that  w.  is  a Cauchy 

tJ 

sequence  in  C([0,T],Hr)  which  is  complete.  It  follows  from  unique- 
ness that  w.  must  converge  to  w.  We  see  that  w 1 C( [0,T), Hr) , 
and  the  energy  inequality  (3.10)  shows  w£  L‘  ( [0,T] ,Hr+1’ r) . 


CHAPTER  IV 


THE  INITIAL  BOUNDARY  VALUE  PROBLEM  ON  A HALF-SPACE 


t 


where  and  g^  are  vectors  of  dimensions  b^  and  b„ , respective!:, 


We  will  also  ass’ome 


(L.3) 


u - 0 and  v = 0 at  t = 0 


As  in  Chapter  I,  we  will  assume  that  the  system 


n n 

u.  = P_u  +•  Z P, , u +•  Z P„.,  u 


t 0 xx 


a lkxyk  j ,k-i 


is  Petrovskii  parabolic  and  we  make  the  further  assumption  that  the  system 


Vt  = Vx 


n 

Z 0 v 

it  k y, 
k=l  ^ k 


is  strictly  hyperbolic. 


Recall  that  u has  dimension  p and  v has  dimension  q. 


Without  loss  of  generality  we  may  assume  that  Qq  is  diagonal 


Q0  ° 


V0’  ^ 0 > 


0 Q.n 


where  and  0,  are  diagonal  matrices  of  dimension  q~  x q“  ana 


q * q , respectively.  In  particular,  note  that  we  are  assuming  that 


the  boundary  is  non-characteristic. 


We  begin  to  analyze  the  system  (4.1)  by  Fourier  transforming 


in  the  y variables  and  Laplace  transforming  in  the  t variable.  Set 


J 


l 


= (2  7T  ) f g St  g 

En  0 

This  transforms  (4.1’  to  an  ordinary  differential  equation  with  the 
independent  variable  x.  In  what  follows  we  shall  not  write  the 
on  the  transformed  dependent  variables,  this  abuse  of  notation  should 
cause  no  difficulty. 

VJe  can  express  the  resulting  ordinary  differential  equation  as 
a first  order  system  by  defining  an  additional  dependent  variable 


u - (u.  + Pq1Acv)(oi2  + s)’l/2 


2 1.J  c 

also  let  0 - (a-  + s)  . We  then  have 


(4.6) 


0 


P^is  - P2(tu))o'1  -iP^P^o) 


-L 


_P-1A 

*0  Ao 

(iP~1P1*u)p~1A0  + iA*o))o' 

«oVo1ao 


22 


where 


M ( n,  s ) 

cL 

P2(co) 

;he  boundary  conditions  at  x 


In  both  (4.6)  and  (4.7'  the  second  term  on  the  right-hand  side  is  a 
lower  order  term  and  does  not  affect  the  following  analysis. 

Letting  w = (u,u,v''  we  can  rewrite  (4.6)  and  (4.7  ' as 

(1,8)  w = N(o>,s)w  + F(x,oi,s) 

X 

T*  (v,s)w  = g(o;,s)  at  x = 0 , 

-1  -1_ 

where  we  have  dropped  the  lower  order  terms,  and  F = (0,-Pq'T^  r , -Qq  i1 


Q“  (s  - iQ*oj), 


P 

j.k-i  2jk  J k 


= 0 become 


g 


1 


We  now  pause  in  our  analysis  to  consider  what  we  mean  by 
"well-posed".  Perhaps  the  most  natural  definition  for  the  well-posedness 
of  the  system  (4. 1-4. 3)  is; 


Definition  4.2.  The  initial  boundary  value  problem  (4. 1-4. 3)  is  well- 
posed  if  there  are  constants  and  Cr  such  that  for  any  solution 
we  have 


4.9) 


'!uf  + "v!2  + 

’t  1 


v 


2 

1 


iC0(l 


, I2 


'V2,  * 


'2  1 


for  all  T : r,  (Recall  ||.!j  = !'•  , and  | • j «|-|  . = . 

However,  this  definition  is  inadequate  for  our  analysis  via 
equation  1,4.8).  It  will  become  apparent  later  that  the  natural  definition 
of  "well-posed"  for  the  system  (4.  o'1  is  the  following. 


Definition  4.3.  The  system  (4.  ) is  o-well-posed  if  there  are  constants 

O 

V and  CQ  such  that  for  any  L ' solution  of  (4.  ' with  q > q,. , 

we  have 


(4.10) 


Re  o(||u||+  + 


!uf+) 


Tv: 


iu!2 


< C0(|g|2  + ||F||2)  . 


This  then  gives  us  an  alternate  definition  for  the  well -posedr.es s 
of  (4. 1-4.3  First,  let  £ and  £ ^ be  the  pseudo-differential  operator 
with  symbols  o - {txf  *-  s and  o 1 = {o?  +■  s)-1^',  respectively. 

vWe  will  give  a short  discussion  of  pseudo-differential  operators  that 
will  be  sufficient  for  our  needs  in  Chapter  VII.  In  analogy  to 
Definition  4.3  we  make  the  following  definition. 


Definition  4.4.  The  initial  boundary  value  problem  (4. 1-4. 3'  is  0-well - 
posed  if  there  are  constants  and  such  that  for  any  solution  we 
have 


(4.11 


Re  (u ,£u ) 


+•  Re  \ 

x 


■f 


4- 


-l 


x TJ 


for  all  1 > Iq. 

The  problem  will  be  said  to  be  0-ill-posed  if  it  is  not 
0-well-posed. 

We  then  have  the  following  two  theorems. 

Theorem  4.1.  The  initial  boundary  value  problem  (4. 1-4. 3)  is  0-well- 
posed  if  and  only  if  the  system  4.  ) is  0-well-posed. 

Theorem  4.2.  If  the  initial  boundary  value  problem  (.4. 1-4.3)  is 
0-well-posed  then  it  is  well-posed. 

We  will  give  the  proof  of  Theorem  4.1  later. 
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: roof  of  Theorem  4.2. 


Equation  (4.9)  follows  from  (4.1l)  since 


l|u||  < Re(u,Su)„  > 0 < Re(u  ,£_1u  )_, 

■n  _ n — x x V 


ll^gll  < i"1/2  Hell 


4.2.  The  matrix  N(u>,s) 

It  is  essential  for  the  following  analysis  that  we  examine  the 
matrix  N (a>,  s 1 closely.  We  write 


(4.12 ) 


N (a),s  > = 


W x (“ , s ) 0 

n21Ks)  i;  (o>,s) 


where 


N11^’S  ^ 


-1  S ' P2(“}  -1 

po  5 -lpoV® 


Ks)  = (-iQ'^B-o),  -Q-1B  c)  , 


N22Ks)  = M(a>,s)  = Q^1(s  - iQ,*tu) 
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mmm 


Nn  is  a 2p  x 2p  matrix  and  Ngg  is  a q x q matrix,  and  so  the  eigen- 
values of  N(u),s)  are  precisely  those  of  II  n and  N . We  also  note 
the  homogeneity  properties  of  the  components  of  N.  N and  Ngi 
have  parabolic  homogeneity  and  Ng2  has  hyperbolic  homogeneity,  i.e. 
for  p > 0 


(U.13) 

p 

^11 (p^, P 

- PNuKs)  , 

II2l(pai,p2s ) 

= pN2l(ai,s)  , 

and 

Ng2(pco,ps)  = 

pN2g(a),s)  . 

We  now  examine  the  eigenvalues  of  II. 


Theorem  U.3.  The  eigenvalues  A of  Nn(<n,s)  are  the  roots  of 
(h.lh1  det(F0>2  + iFi^DA+Pg^)  - s)  = 0 • 


2 

For  Re  s _ -a^  , -cu,s'  / 0,  there  are  p eigenvalues  with  positive 
real  parts  and  p with  negative  real  parts.  (c^  is  a positive 

O 

constant  less  than  a,  (Definition  2.l).  ) Moreover,  for  Re  s -nti'1' 
there  is  a positive  constant  c such  that 


(4.15) 


Re  > I -■  c 


s 
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Proof.  Equation  (U.lU)  follows  easily  from  the  definition  of  N^. 

For  Re  s _ -a, ^ , (u>,s ' / 0,  if  7 were  pure  imaginary  we  would  have, 
by  Definition  2.1, 

i2  2 2 

Res^-aUAI  +a>)<  -a  cu  < Re  s 

which  is  a contradiction.  So  Re7\(c>,s)  is  not  zero.  For  u>  = 0,  Re  s > 0, 
M0,s)  satisfies 

det(P0X2  - s)  = 0, 

which  shows  that  the  V s are  the  eigenvalues  of  + and  hence  split 

into  two  groups  of  p elements  each.  One  group  contains  the  eigenvalues 
with  positive  real  parts,  and  the  other  those  with  negative  real  parts. 

Finally  for  uf  + |s|  = 1,  Re  s > -a^  > we  have  | Re  A | > c > 0 
by  compactness.  Then  (U- . 15  ) follows  by  homogeneity. 

We  have  an  analogous  theorem  for  ^22' 

Theorem  lj-.l)-.  For  Re  s > 0,  the  eigenvalues  of  N2g(a>,s)  split  into 
tw  groups.  There  are  q eigenvalues  m with  Re  u <0  and  qt_ 
eigenvalues  m+  with  Re  > 0. 

Proof.  If  |i  is  an  eigenvalue  of  N^Cu^si 

0 = det  (m  - N (cn , s ) ) = det  Q"1  det(s  - Qqm  - iQ*u>)  . 

So  if  m is  pure  imaginary,  s must  also  be  pure  imaginary,  hence 

Re  s / 0 implies  Re  n / 0.  For  Re  s > 0 and  cu  = 0,  p is  an 

eigenvalue  of  sQ^  and  by  (^>5)  the  theorem  follows  easily. 
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4.3*  The  Boundary  Conditions 


From  the  above  we  see  that  the  space  of 
of  the  differential  equation  (4.3)  has  dimension 
So,  it  is  necessary  to  give  at  least  p + q boundary  conditions  to 
insure  uniqueness  of  the  solution.  If  more  than  p + q"  boundary  conditions 
are  given  we  cannot  insure  existence.  Because  of  this  we  make  the 
following  assumption. 

Assumption  4.1.  We  assume  that  there  are  precisely  p + q boundary- 
conditions,  i.e. 

bi  f b2  = p + q"  ' 

Moreover,  we  assume  that  b^  is  minimal  in  the  sense  that  any  linear 
combination  of  the  rows  of  (4.2)  does  not  diminish  the  number  of  rows 
containing  derivatives . 

The  assump.ion  on  the  minimality  of  b^  is  inserted  since  adding 
one  of  the  first  b^  rows  to  all  the  rows  would  make  a cr -well -posed 
problem  become  o-ill-posed.  This  would  be  tantamount  to  replacing  the 
term  in  by  the  stronger  |£  • 

We  now  define  the  eigensolutions  of  the  system  (4.8)  and  of 
(4. 1-4. 3). 

Given  any  vector  v of  dimension  q,  we  can  decompose  it  as 

. _ — 4- 

v = (v  ,v  )'  where  v consists  of  the  first  q components  and  v 
consists  of  the  last  q+  components. 


2 

L (]p+)  solutions 
p + q when  Pe  s C. 


> 


I 


» 


t 


Theorem  4.5.  The  initial  boundary  value  problem  (4. 1-4. 3)  is  a-well- 
posed  if  and  only  if  it  has  no  eigensolutions  of  either  parabolic  or 
hyperbolic  type. 

Theorem  4.5  follows  immediately  from  'Theorem  4.1  ar.d  the 
following  theorem. 

Theorem  4.6.  The  system  1,4.3)  is  cr -well-posed  if  and  only  if  it  has  no 
eigensolutions  of  either  parabolic  or  hyperbolic  type. 


4.4.  The  Proof  of  Theorem  4.6 

Before  we  give  the  proof  of  Theorem  4.6  we  introduce  some 
notation.  By  Theorems  4.3  and  4.4  we  have  for  Re  s > 0 


r2P+0  - E~(o),s ) Q E^Ks 

where  E (cu,s)  (resp.  E (u>,s))  is  the  span  of  the  generalized  eigen- 
vectors of  N (u>, s 1 whose  eigenvalues  have  negative  (resp.  positive 
real  parts.  For  w 6 I ^ ^ we  write 


he  proof  of  Theorem  4.6  depends  heavily  on  the  following  theorem 
whose  proof  is  given  in  Chapter  VII. 
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theorem  4.7.  For  the  system  (4.8)  there  exists  a Hermitian  matrix 
R(cr,s)  satisfying  the  following: 


(4.13)  a)  Re  R(u),s)  N(to,s)  > d(uj,s)  where 


d (a),  s ) = 


0(,  = Re  o = Re  {(xf  + s 


b) 


w Pau>,  s )w  > cQ('  |w  (o),s)| 


p I — | O 

- |w  (cn,s  ) | ), 


where  ^ is  a positive  constant  which  may  be  taken 
arbitrarily  large,  Cq  > 0. 

c'  R (<r , s ) is  a C00  function  of  (o>,s)  for  oj  £ ]R  n,  Re  s > 0. 

d)  The  norm  of  R (u>, s ) is  bounded  independently  of  (uys). 

e ) The  lower  left  q x 2p  submatrix  of  Re  RN  is  zero  for 
|s|  > c1|o)|,  | s | > c . 

The  proof  of  Theorem  4.6. 

We  begin  by  showing  that  the  nonexistence  of  eigensolutions 
implies  that  (4.8)  is  well-posed.  Then  we  show  that  the  existence  of 
eigensolutions  implies  that  (4.8)  is  o-ill-posed. 

Applying  the  results  of  Theorem  4.7  we  have 


(4.19) 


lull+  + Hull?)  + 7||v!|^  < Re (w,ENw)h 


= Re(w,Rwx)+  - Re(w,RF)+ 
= ‘2wtRw(x=0)'  Re(w’RF)+ 


< i. 

-20 


^■<y(lw"r-c  k^l2)  + l|w||^  + c||f||^ 
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■le  now  write  the  boundary  condition  of  (4.8)  as 


T'  (cn,s )w"  = g(©,s ) - T"(u,s)w  , 


and  show  that  we  have  the  estimate 


(4.20) 


|w'|  <C0|T’  (o),s)w' 


for  some  constant  Cq  and  Be  s = 1 _ ^ for  some 

Suppose  that  (4.20)  fails?  then  there  is  a sequence 


(4.21) 


{ (tt  s ) )*  , with  Re  s,.  • °°  , 

1 V’  v Jv=l  v 


and  solutions  w,  £ L (]R  ,)  to 
v + 


wv,x  = N(VVwv 


with  |w^(x  = 0)|  =1  and  | T * (cuv,sv)wvl  -*  0.  There  are  two  cases 
to  consider.  First  suppose  that  for  the  sequence  (4.21), 


(4.22) 


uo  / s > a ; 0 

1 v v — 


for  some  constant  a.  In  this  case  we  normalize  as  follows! 


p.  (M8  . U l2)l/2 

A I 1 A 1 1 A I 1 


s.\  = 


,/p  , 


V'  V 


00'  =0  /•■  , 

V V v’ 


x'  = xP 


W vx'  ,0)*  , s') 
V ’ V V 


W (,X,a)  ,G  ) 

V ’ V*  V 
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1 


L 


2 P 

Now  since  I^T  +■  !syl"  = 1 and  lw  (o)|  = 1 there  is  a sub- 

seauence  such  that  (o',  s')  and  w (o)  converge  to  (o',  s')  and  w . 

V V V ! 

Without  loss  of  generality  we  can  assume  that  the  original  sequence 
converges.  In  terms  of  the  normalized  quantities  we  have 


v , = — w,.  — N (o  , s ,)w  = — N(p  cd'  ,p  s'  )w 

V,X  Pv  V,X  Pv  V V V Pv  V V V V V 


We  now  consider  the  components  of  N(o,s). 


— K,.(P  ®',P  s'  ) = N, , (o'  ,p"1s'  ) ->  N, , (o'  ,0) 
P 11  V V V V 11  V V V 11  ’ 


and  similarly  for  N„ , and 

CL  1 


rv  •Wv1;- 


N22(o)',s' 


So  that  in  the  limit 


w 


0,x 


’N  (os’ ,0)  0 

Ngl(o)',0)  N22(03*,s') 


*0  ’ 


and  the  boundary  condition  becomes 


r 


1 


Also  note  that  |u>'  ! _ a/  Vl+a^  0.  But  these  are  precisely  the  con- 
ditions for  (u,v>  to  be  an  eigensolution  of  hyperbolic  type  at  (a;1, s' 
where  w = (u,u,v). 

The  second  case  to  consider  is  when 


(4.23) 


as 


v ->  00 


Again,  we  can  assume  that  (o^,sM  and  wv(o)  converge  to  (“>' ,s') 
and  w . We  can  also  assume  that  s v/ | s v | converges  to  s" . We 
then  have 


V°’B”)v  <bV 


+■ 

But  this  implies  v. 


0.  We  also  have 


and  the  boundary  condition  becomes 


T'  (a'  ,s’  w..  = 0 . 

0 

These  conditions  are  precisely  those  for  (n^x'  ' ,v(  : to  be  an  eigen- 

solution  of  parabolic  type  at  (<u ’ , s ' 

Tow  any  sequence  (A. 21)  has  a subsequence  satisfying  either 
(U-.22  J or  (h.23''  and  hence  generates  an  eigensolution  of  either  hyper- 
bolic or  parabolic  type.  So  from  the  non-existence  of  eigensolutions 
an  estimate  of  the  form  (U.20)  holds  for  some  constants  and 

Applying  (b.20)  to  (U.lS^  we  have 

<V;  ( Hull J + !MI^)  + ’lIMI2 

<2C0lg  - T'(u,s)w+';2  - (|w'|2  + 6|w+|2)  + i|w||2  + c||F||2 
< C(|g|2  + l|F||2)  - |w'|2  - I w 4 1 2 IB  - C1)  + |jw||2  . 

Now  for  q sufficiently  large  and  & taken  appropriately,  we  obtain 


Tv;f 


C( 


• piivalenl  ( . ! . So  if  there  are  no  eigensolutions  then 

the  problem  is  o -well -posed. 


/,'e  now  show  that  the  existence  of  eigensolutions  implies  • :.a- 
(1.  : 1 is  c-ill-posed. 

Definition  4.7.  or  anj  matrix  let  E (X)  be  the  span  of  the 
generalized  eigenvectors  of  whose  corresponding  eigenvalues  have 
negative  real  part.  'imilarly  for  [X  . 


Assume  that  u,v 


is  an  eigensolution  of  hyperbolic  type  at 


Then  w satisfies 


(4.24' 


w 


Kii(«V°)  0 

N (n>  ,o)  N vO)  ,s  ) 
W21  O'  22  O’  0 


w 


with  the  boundary  condition 
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-Jf- 

Call  the  matrix  in  (E.2E'>  II  (u^,Sf  . From  the  definition  of 
an  eigensolution  of  the  hyperbolic  type  we  have 

w(0)  C E~(N*(a'f,,sQ))  if  Re  s > 0 , 

and 

w(0)  r lim4  E'(N  (co  ,s  + :))  if  Re  s,  = 0 . 

-»0 

We  can  assume  !w(,0  ■ I - 1. 

I.’ow  consider  the  equation 

w£  = N(fXi)o,  psc  + ^)w 


where  ’I  - 0 if  Re  sf  > 0 and  is  chosen  positive  otherwise. 
Now 

E (N(eti>0,  psrj  + q))  = E'(i  N(pu)Q,  ps,,  + T] ) ) 

and 
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So  ~ N ( , 

Following  Kato  15], 


psf  + t ) is  an  analytic  perturbation  of 
we  can  choose 


N («0,s0). 


such  that 


£ E (N(pu>0,  psp  + r])) 
^ (.0)  ->  w(0)  as  p ->  oo  . 


Moreover,  we  have 

gp  = T'  (pcuQ,  p£u0  + ^ )wP  0 as  p • 

Thus  we  have  solutions  w^  to  (^.  - at  (*o,  s with  Re  s arbitrarily 

large  such  that  F = 0 and  as  p -»«>,  |wp(0)  | -*  1 and  |gp|  _»o.  This 
shows  (4. 8)  to  be  cr-ill-posed. 

Now  assume  that  (u,vQ)  is  an  eigensolution  of  parabolic  type 
at  ((Oq,  sq  ) . Let 

u = (u,  u /c r)  where  a = + s.)1^  , 

x 'JO 

then  u satisfies. 
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E (CDo,S0^* 


First  assume  s.  / 0.  Let  u>  - Pa  , 
is  as  before.  Consider  the  solutions  to 


P *-  T where  1 


w - N (n>,s  )wP 

x 


Ao)  E-  (N (o),s  ) ) 


~ N(u),s ) 


W S0  * } 


N21(V  S0  + Vp  } PN22(VP)  So+  ^"/P'2i 


we  see  that 


(»Ks))  E’(N11(VS0))  O e’in22(o,s0)) 


as  p . So  we  can  choose  wP(o)  such  that  wP(o)  -*  (u(o),vQ)  as 


The  boundary  condition  then  satisfies 


T'  Ks)  wP(0)  = gP  0 


p -»  00 


3/2  - 

In  the  case  sf.  = 0,  let  s = p ’I  and  we  obtain  a similar  result. 
This  implies  that  (U.p)  is  cr-ill-posed. 

What  we  have  now  shown  is  that  (4.  'is  cr-ill-posed  if  and  only 
if  there  are  no  eigensolutions  of  either  hyperbolic  or  parabolic  type. 


This  proves  Theorem  U.'i. 


4.5-  The  Proof  of  Theorem  4.1 


Assume  that  (4.8)  is  o-well-posed  and  let  (u,v'  be  a solution 
to  (4.1-4.?).  Then  their  transforms  satisfy  (k.C),  so  we  have 


Re  «(||u.!*  + "u1!';  ) + i||v!|^  + I u ! 2 <-  |u|2  + | v ! 2 


< C0(lo"J-(g1+T1P^1A0r)l2+|g2|2  + H F + » 


where  N^(tt>,s  v is  the  second  term  on  the  right-hand  side  of  1.4 .6). 

P^Av 
0 0 


^ ,A  - 1 -1 

Since  u (u  + P A v 'o  and  In  (<n,s)  | < C,  we  have 

X O ( j X 


Re  cr v ;iu(|2  + H0'1ux,!t-C||o"1vl|^)  + i||vlg+  |u| 


2 + |a-1Uy  - clc"1-/!  *■  ‘ v 1 2 


< C0(>"1gi|2  f | a_1v|:  «■  |g2 


c + l.ia'1F1ll^+  ||F2||5  + c||vl|2 ) - 


Now  !a|  ^ < R “L//2  so  we  have,  for  large  enough,  that 


Re  a||uH2  + Re  a 1 ?2  <-  T'v  '(  * iui^  + | 


C u 


< cq ( 1 0_1gl  1,2  * !%!*  + !I°"Xf1II++  IIf2II+>  • 


-i;  n2 


By  Parseval’s  relation  we  have  (4.11)  which  shows  (4.1-4.?'  is  cr-well-posed. 

Now  suppose  (4.'  i is  a-ill-posed.  Then  as  shown  in  the  proof  of 
Theorem  b.A,  for  any  ; 0 there  is  a solution  w to  (4.‘  ) at  (,u.y,s  ' with 


(4.25) 


|w(o) | 1,  F = 0 , 

Be  sQ  c 1,  I g I < c. 
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3y  considering  the  addition  of  the  lower  order  terms  in  1.4.6)  we  can 
obtain  L (]R  ) solutions  to 


s,.u  - !•  u + iP,  *«  u * P,  V‘v  )u  +•  A v 
Oxx  lOx  2 0 Ox 


+ iA*<r  v 
0 


= B.u 
0 x 


f iB*cs  u 


Vx  + iQ'V 


with  the  boundary  conditions 


TlUx  + iT2*V  + S1V  = S1 


Tu 


Sv  = 


Equation  A. 25)  is  satisfied  with 


|2  i-l-  |2  t |- 

I =1°  + lg2 


2 .2 


We  now  construct  a solution  to  (It-.  1-4. 5)  as  follows.  Choose  e > 0 
v (y ) satisfying 

Ml  = 1 , 

and 

q>(co)  = 0 if  | co  - cd.  1 

Let 

v 

u(x,y,t)  = u(x)  cp(y ) (e  - l1! 

S0t 


O'  - 


v(x,y,t)  = v(x)  <p(y ) (e  ' - l)  . 
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f 


'hen  (u,v)  satisfies  X.2  1 and  ( <’♦ . *■ ' with 


s _ t, 


bl  " 1 


ve 


1 ^ g’ 


sot 


& qpCy  ■■  - i 


where 


s„t 


f e ■ *T0  d-  u((  ) (e  - 1 


0 2 


Also  (u,v  satisfies  (k.l~  with 

A 

F^(x/D,t  = q>(o))[ip^.(a  ■ -i  vx  + (P,  >-P_ (u>) Ki(x)  + iA*  (a  -•  v(x  | 

+ S0u(x)  $(a)l 

- . - - snt  • - • - 

..  • ip(<u)[iB*  (cDq-£u)u(x)  + iQ*  (e  -1  <- s v x ' - 


ve 


Now  choose  q q - He  sr  and  set 

u u 


S„t 


q (q  ' - 1 e “ | e - IT  dt  . 

0 


Then 


Iu!2n  + 


\rK  I2  - |v|2  q^  a - C-2)  - _ 

x'q  i - ‘ 1/ 


1 1 

and  we  have  the  following  estimates,  here  = (iT  + cq' 


I I « _ T^UIcr"  g1 1 ~ + t'  |u(0)  |‘~] 


P-  + c|so 


TX 


le2l2  _ q(V  \L. !'  , 

llz'\ll2  i qhic^do"^!2  + Ki|;+-  |v|2'  ► |s0l?  !u|2  q' 


k3 


m 


and 


1 ' r)  _ C«  "q(r|)  ( |u|^  + I v | ^ ) + | s c | ^ |v|t  I'1 


••ow  q(T]  -*  oo  as  T T)  . We  see  that  we  can  violate  (4.11!  by  choosing 
small  enough  and  close  enough  to  . 

So  we  have  shown  that  if  (4.8)  is  b-ill-posed  so  is  (,4. 1-4.3). 
This  completes  the  proof  of  Theorem  4.1. 


4.'  . Variable  coefficients  and  bowc-r  Order  'ierms. 

We  now  extend  the  above  results  to  systems  with  variable 
coefficients  and  lower  order  terms.  Specifically  we  consider 


(4.26) 


n 


= Pn(x,y,t'>u_  + Z P14(x,y,t)u 

1 

n 


t O'"'1""  “xx  ±ri  *li 

n 

+ A0(x,y,t'vv  + Z Av(x,y,t)v. 


y/k 


x k=r k 


* Cn(x,y,t)u  +■  Z C lx,y,t)u 

x ■ ’ K yfc 


n 

k-1  “ * k 

+ Cu(x,y,t)u  + C12ix,y,t)v  + Fx(x,y,t) 


vt  = BQ(x,y,t)ux  + Bk(x,y,t)uy  + ^(x,y,t)vx  * I 
+•  C21(x,y,t)u  + C22(x,y,t)v  + F0(x,y,t) 


The  boundary  conditions  at  x = 0 are 
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■ "TT" 


7)  14  y ,t)u 


x k,i  ‘2k 


,t)u  + T (y,t)u  +■  0, (y,t) 


y>'  ’v  - g 


Hy,t 'u 


S(y,t)v  = (y,t ) , 


and  u . v • 0 at  t . 

We  assume  that  all  the  coefficient  matrices  are  C°°  functions 
and  tend  to  constant  values  as  their  arguments  tend  to  infinity. 

Define 


u = e 


’It  v-1 


(e"  (u  + P"  A v)  , 
x 0 0 


w - tu,u,v  ' 


Then  {h.2r  ' can  be  writt 


en  as 


wx  - N(x,y,t,Dy,Dt,vw  + NQ(x,y,t,D  ,Dt,ii)w  + F , 
where  N (x,y,t , Dy,Dt,q 1 is  a pseudo-differential  operator  whose  symbol 


/ 

a 

0 \ 

/ ,/s-P.toW  \ 

-1P0  Fl'“ 

° ] 

\ \ ) 

\ -i  ,v_1b  -cu 

^(s  - / 

and  Kr (x,y,t, D ,D  ,1  is  a bounded  pseudo-differential  operator. 

u y z 

s = q + 3 x where  x is  the  dual  Fourier  variable  of  t. 

As  we  will  show  in  Chapter  VII,  we  can  construct  a pseudo-differ 
ential  operator  R(y,t,  Dy,Dt,q ) whose  symbol  satisfies  14.18)  for 
each  value  of  (y,t).  We  will  also  prove  the  following  analogue  of 
;§rdi  ng's  inequality. 
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Iheorem  1.  . If  the  symbol  R(y,t^,t,T|  satisfies  (1.1  1 for  each 
value  of  ^y,t',  then  we  can  modify  R so  that  for  _ Tir, 

(1.2c)  Re(w,Ri;w'  _ Re(u,£u)  + Re(u  ,E  ) + Ijv'^ 

*1  *1  x x ‘n  T| 


And  moreover,  if  for  each  (y,t)  the  corresponding  frozen  coefficient 
problem  of  (1.2')  is  c-well-posea,  then 


vl.29' 


Re  (w, 


+ 


i w 1 


2 

1 


for  some  positive  constants  and  c^ . 

By  the  frozen  coefficient  problem  of  (1.26)  at  (y,t)  we  mean 
the  system 


with  boundary  conditions 


’ u 

+ 

£p,  .u 

0 xx 

ii  ^ 

i_u 

4- 

SB.  u 

0 x 

k y, 
Jk 

.ons 

T.u 

+ 

St  u 

i y 

2k  yk 

Tu 

4- 

Sv 

,r  k 


T)  x i y 
^k 


=1 

7 

32 


where  the  coefficients  all  are  held  constant  at  their  values  at 
(o,y,t).  We  also  need  to  consider  the  frozen,  coefficient  problem 

obtained  letting  !yi  +•  t -»  <*>. 


1 


I 


I 


16 


Using  the  above  we  have 


Re(u,Su)  + Re  (u  ,£_1u  ) + nMj2 

X X | | 

Re  (w , RNw ! 

T 

= Re (w,Rw^ ) - Re(w,RNQw)  - Re(w,RF)^ 

_ - i Ee  <»,Bw>n  E C||w||^  e * \\F^ 

< c1<iE-1(g1  - t0u  - slT)|2  e e cw=  * - su; 

e-1  1 2 l_  |2\  , iiv-1e,  i|2  , n„  m2  , „/lv'l.j2  , |v-l__|2  l.ii2 


^C1(|Z  giS  + ls2ln)  + '1E  ^ + HF2Vc(|r  UV  !z"  vl 


w 


T 1 


V.'e  use 


|2  ■ c(||u!|2H!r_1”  ,|2 


i - 


U 1 + ! V 

xt  i 


(Re(u,£u;  + Re(u  ,4  Zu  ' + C l| v1! 


x X TJ 


and 


l^"1u|2  + l£"xv|^  _ i ^(luh  + Ivh ; 


- 1 1 2 -1 


1 - 


Then  for  T-  sufficiently  large  we  have  for  all  d > 


(4.30)  Re(u,£u'  + Re  (u  ,£  ■Lu  , + rIMI2  + |u 


x R 


2 ^ lv-1  | 2 , | |2 

7 x ' -n  ^ 


c(|s 


■1  |2  , |_  |2  . iie-1f  1 2 + j|F  !|2)  . 


+ |g  |~  + 

=1't)  &2  t| 


i't  " 2"n 


We  have  proved : 

Theorem  4.[j.  If  for  each  frozen  coefficient  problem  of  (4.26)  there  are 
no  eigensolutions  of  either  parabolic  or  hyperbolic  type,  then  1,4.2'  ' is 
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c-well-posed. 


CHAPTER  V 


MOTHER  DEFINITION  OF  WELL- POSEDI, ESS 
.1.  Strong  J-Well-posedness . 

In  this  chapter  we  consider  an  alternate  definition  of  well- 

posedness  for  the  equations  (4. 1-4.3'. 

To  motivate  the  discussion,  we  consider  the  heat  equation  on  a 

n+1 

smooth,  bounded  domain  - c E 


(5.1 


u,  = *■  f on  ftx[0,m) 

t, 

u = 0 at  t = 0 . 


There  are  two  natural  boundary  conditions  that  are  considered. 
The  Dirichlet  boundary  condition 


(5-2 


) 


u = g on  bfl  * [0>°") 


and  the  Neumann  boundary  condition 

(.5.3)  V^u  = g on  oh  x [0,^' 

For  the  Neumann  problem  one  can  estimate  the  gradient  of  the 
solution  on  ft,  for  example, 

(5.4)  nllull^  <-  ||Vu||^  +■  I u | ^ <C(|g|^  +■  ||f||^)  . 

But  for  the  Dirichlet  problem  one  cannot  estimate  the  gradient  of  the 


J 
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solution  in  terms  of  the  L norms  of  the  data. 


One  possible  estimate  for  the  Dirichlet  problem  is 


,5.5)  V^T  ||u||®  + ||0u||^  , + |u|®  < C(|g|®  + ||f'|® 


where  c c fi,  and  C depends  on  the  distance  between  ' and 
. (Equation  (5-5'  follows  from  our  results  of  Chapter  VI,  and  .4 
follows  from  the  divergence  theorem  and  the  theorem  of  the  trace. 

The  estimates  we  obtained  in  Chapter  IV  arose  from  treating  the 
boundary  conditions  as  Dirichlet -type  conditions.  Now  we  examine  when 
one  can  get  stronger  estimates  involving  the  gradient  up  to  the  boundary. 
To  do  this  we  proceed  as  in  Chapter  IV,  up  to  the  point  where  we  converted 
che  system  of  ordinary  differential  equations  in  x to  a first  order 
system.  Then  we  introduce  as  our  new  dependent  variable 


w = u 


Neglecting  lower  order  terms  we  obtain  the  following  system  analogous 
to  (4.8). 


N^Ks)  N^Ks) 


0 N22  \,u>,  s ) 


N*  (<d,s ) + F ’ , 


w + -P-1F1 


with  the  boundary  condition 


We  see  that  we  obtain  a system  similar  to  (4.S'1,  except  that  now 
K*  («-',s)  is  upper  block  triangular  instead  of  lower  block  triangular  as 
was  NKs),  and  similarly  for  the  boundary  operators. 

We  define  cr-well-posedness  for  ( 5 . 0 as  we  did  for  ■ 1+ . 8 ) , that 

is,  15.6)  is  o-well-posed  if  there  are  constants  C'  and  n such  that 

0 *0 

for  i)  _ n, 


(5.7)  Re  cdluj^  + (lu-JI^)  + Tjjjv'i^  -I-  iw4 

< cQ  ( ! g 1 2 + !1f*  ll2 ) . 

Applying  this  definition  to  ,4. 1-4. 3)  and  using  cur  new  normal- 
ization, we  have 


Definition  5-1.  The  initial  boundary  value  problem  (4. 1-4. 3)  is  strongly 
o-well-posed  if  there  are  constants  and  such  that 


(5*8)  Re(u,4|s|u)^  + Re(Vu,£47u)^ 


1 vl| 


I |s| 


l/2u|2  * 

1 


K 


<C0( 


31'4 


lg  I2  - 

ls2  'n 


||  F.  ||2  + ||f’  ||2) 

1 rj  2 Ti 


for  all  t)  _ t]  . 
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We  have  usjd  'he  inequality 


*o  replace 


by 


! S I i-  of'  _ yj?  1 o ! ‘ ' < y/2  |c  t- 
e >.u,r  u)^  - P.e  .ux,Iux  T) 

Re(u>£|s|u)  Re(.?u,£.u^  . 


|j  is  the  nseudo-differential  operator  whose  symbol  is  is!. 
We  now  define  two  more  types  of  eigensolutions . 


Definition  5.".  lu,v  > is  a strong  eigensolution  of  parabolic  type 
at  (u>,s  : if  it  satisfies: 


lo.9)  a) 

(u,vp 1 4 0 

y 

b) 

(o),s)  4 o, 

Re  s _ 0 , 

c ) 

su  = P_u 

+ IP  •cuu  + P0(“)u  , 

0 xx 

1x2 

d) 

vo  = °» 

e ) 

T,  u + iT_ 

*a>u  + S v.  = 0 , 

lx  2 

1 0 

Sv0  = ° 

at  x = 0, 

f ) 

u € L2  (E  + 

) and  v . € I 1 . 

Definition 

5.J.  (u,v) 

is  a strong  eigensolution  of  hyperbolic  type 

at  (ou,s  ’ if  it  satisfies 


bi 


.10)  a)  lUj v ) / 0 , 

b)  a)  ^ 0,  Re  s A 0 , 

c)  0 = P„u  > ; • . - . • A v iA*  . . 

0 xx  1x2  u x 

d'1  sv  - Q^v  + 


r,u  it  • u *•  s,  v 

lx  2 1 


Sv  = 0 


at  x = 0, 


For  Re  s O , v is  in  L (]R  _ , and  for  Ee  s = 0 v is 

2 

is  the  limit  of  V F,  solutions  of  d)  as  Re  s -»  0. 
u is  in  L~  (]R  + ) . 


Analogous  to  Theorem  l.>,  we  have 


Theorem  5-1.  The  initial  boundary  value  problem  (U- . 1-h.  3 ) is  strongly 
c-well-posed  if  and  only  if  it  has  no  strong  eigensolutions  of  either 
parabolic  or  hyperbolic  type. 


The  proof  of  Theorem  5*1  is  analogous  to  that  of  Theorem  k'5 > 
so  we  will  omit  it. 


The  next  theorem  expresse.'  some  relations  between  the  two  types 
of  well-posedness  considered  so  far  and  ■ , , which  is  the  number  of 
boundary  conditions  involving  derivatives  of  u,  vsee  Assumption  lf..l). 


Theorem  5.2.  Consider  the  initial  boundary  value  problem  (4.1-4.J), 

a)  If  b^  p,  it  is  always  c-ill-posed. 

b)  If  b^  < p,  it  is  always  strongly  c-ill-posed. 

c)  If  b^  - p,  the  following  three  statements  are  e mi valent. 


1'  The  problem  is  o-well-posed. 

2'  The  problem  is  strongly  -well-posed. 

3)  The  following  two  initial  boundary  value  problems  are 


r 


well-posed. 


15.11 


u.  - Pnu  + -P-.u  *•  Tp  u +■  F 

t 0 xx  lk  xyk  2jk  y.yfc  1 


T-U  + 2T  ,u  = g, 
lx  2k  y.  bl 


u = 0 at  t - 0 


v.  = Q,,v  t-  Lq  v + F 
Ox  k yk  2 


-v  = gr 


v = 0 at  t - 0 


We  point  out  that  the  two  systems  in  l5.ll1  are  a special  case 
of  (4.1-h.7  in  which  all  the  coupling  terms  vanish.  For  the  proof  of 
Theorem  5>2,  we  shall  regard  (5-11  as  a special  case  of  (U.1-1+.5'  and 
’'well-posed"  for  (5. 11'  means  o-well-posed.  After  the  proof  we  shall 
comment  on  the  well-posedness  of  each  of  the  systems  of  (5. 11' 
separately. 


Proof  of  a ) and  b ) 

If  p < b^  then  q b0 , hence  we  can  find  an  eigensolution  of 
parabolic  type  at  any  (u),s),  by  choosing  u r-  0.  For  then,  we  need 
only  solve 


^0  = °' 


v0  ° • 


This  means  we  have  less  than  q conditions  on  the  •"  non-reri 
components  of  vf  , and  there  is  always  a non-trivial  sol  r ion. 
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I 


If  p b , there  is  always  a strong  eigensolution  of  hyperbolic 
type.  If  we  set  v - 0,  we  must  solve 


P u 
0 xx 


iP  .oju 


x 


Pg  (03  )u 


T,u  + iT  '03u  = 0 

lx  2 


for  u € L?(E  +). 


But  there  are  less  than  p boundary  conditions  and  the  solution  space 
of  the  differential  equation  is  of  dimension  p',  so  there  is  always  a 
non-trivial  solution. 

Part  c)  of  Theorem  5*2  is  implied  by  the  following  two  propositions. 


Proposition  5.1. 
equivalent . 

1 ) There  are  no 

2 ) There  are  no 

3 ) There  are  no 


If  b^  p,  the  following  three  statements  are 

strong  eigensolutions  of  parabolic  type  for  (k. 1-4.3 
eigensolutions  of  parabolic  type  for  (4. 1-4.3). 
eigensolutions  of  parabolic  type  for  (5.1l). 


Proposition  3-2. 

1)  There  are  no 

2 ) There  are  no 
3 1 There  are  no 


If  b^  = p,  the  following  three  statements  are  equivalent, 
strong  eigensolutions  of  hyperbolic  type  for  (4. 1-4.3^- 
eigensolutions  of  hyperbolic  type  for  (4. 1-4.3'. 
eigensolutions  of  hyperbolic  type  for  (5 • 11 1 • 


Proof  of  Proposition  3.1. 

The  boundary  operators,  in  each  case,  map  the  p+q  dimensional 
space  of  solutions  of 


P „u 


0 xx 


+ iP^'cuu^  + (pg(co)  - s)u  - 0,  u £ L IE  f 


V0  = °,  . vo  r 
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into  {Ept  - . The  condition  b^  p is  equivalent  to  each  of  the 
following  statements. 

1'  For  strong  eigensolutions  of  parabolic  type  for  (b.l-b."'[,  the 
boundary  operator  is  block  'pper  triangular. 

For  eigensolutions  of  parabolic  type  for  (h. 1-4.3 )>  the  boundary 
operator  is  block  lower  triangular. 

For  eigensolutions  of  parabolic  type  for  (5 • 11 S the  boundary 
operator  is  block  diagonal. 

| 

In  each  case  the  two  blocks  on  the  main  diagonal  are  represented  by 
T u *-  iT_ * cu  and  2v(  . The  nonexistence  of  eigensolutions  says  that 
the  boundary  operator  is  nonsingular.  This  is  then  equivalent  1 0 each 
of  the  main  diagonal  blocks  being  nonsingular.  This  proves  i reposition  SI. 

The  proof  of  Proposition  5.2  is  similar  to  the  above  and  will 
not  be  given. 

5.2.  Parabolic  and  Hyperbolic  Systems 

The  following  theorems  for  the  initial  boundary  value  problem 
for  parabolic  and  hyperbolic  systems  are  contained  in  the  preceding 
work.  We  state  them  here  for  the  sake  of  completeness. 

'Theorem  5-3.  The  parabolic  initial  boundary  value  problem  on  fy  1 
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1 


r 


n n 

u,  - P_u  + E P u + 2 P_..u  + F(xjy»t) 

t Oxx  R=1  Ik  xyk  .>k=12jky.yk 


TlUx  + Z T2kUy,  gl(y't} 


k=l  •'k 


Tu  = g~(y,t) 


at  x - 0 


u = 0 


at  t = 0 


is  well-posed  if  and  only  if  there  are  no  nontrivial  L [K  + 1 solutions 
to  the  following  ordinary  differential  equation  in  ]R  . 

For  (o>,s ) i 0,  and  Re  s 0: 


su  = P-Q  + iP.  "UsQ  +•  P (n>)Q 
0 xx  lx  2 


T.Q  = iT  *a>Q  = 0 
lx  2 

Tu  = 0 


If  it  is  well-posed,  we  have  for  T > Tlr 


Re  (u,£u)^  + Re(ux,^‘1ux)Ti  + |ul^  + l^uj^ 

< + lg2l^  + \\Z~W)  • 


Also  if  T = 0,  we  have 

Re(u,£|s|u)  + Ref?u,RVu)  + | IsP^ul.^ 


We  assume  in  the  above  that  there  are  precisely  p boundary 
conditions,  where  p is  the  dimension  of  u. 

The  above  condition  for  well-posedness  is  essentially  that  given 
by  Ladyzenska.ja  [ 8 ]. 
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Theorem  cj.b  (Kreiss  f r ],  Ralston  [It]).  The  strictly  hyperbolic 

n+1 

initial  boundary  value  problem  on  I 


vt = 

n 

Qnv  +■  Z 
' x k=i 

Q,v  + 
x y. 

F(x,y,t 

Sv  - 

g 

at 

X 

= 0 

v - 

0 

at 

t 

= 0 

is  well-posed  if  and  only  if  the  ordinary  differential  equation  on  E + 

sv  = &fyx  + iQ-cov 
Sv  = 0 

2 

has  no  nontrivial  L UR  v 1 solutions  for  Re  s . 0,  and  for  Re  s = 0, 

2 , 
there  are  no  L UR  ) solutions  v to 


(s  + c )v  = QqV  + iQ'^v 


such  that 

Sv  * 0 and  v f>  0 as  ->  0. 
If  it  well-posed,  we  have  the  estimate 


+ Ivl®  < C0(|g|2  + ||F||^)  , n > T)0 


It  is  possible  to  generalize  the  results  of  Section  1 by 

12  1 
decomposing  u as  (u  ,u  ) in  which  the  estimates  on  u are  of  he 

2 

strong  type  and  those  on  u are  of  the  nonstrong  type.  However  this 
requires  shat  the  operator  P(d)  decomposes  in  an  appropriate  fashion. 
Since  we  have  not  restricted  p(D)  in  any  way  beyond  the  parabolicity 
assumption,  the  generalization  does  not  seem  appropriate  here. 
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CHAPTER  VI 


THE  INITIAL  BOUNDARY  VALUE  PROBLEM  FOR  SMOOTH  BOUNDED  DOMAINS 

Vie  now  consider  the  initial  Boundary  value  problem  for  incom- 
pletely parabolic  systems.  We  rewrite  (l.l)  as 


(6.1' 


P(z,t,D)  A(z,t,D)\  /u' 


kBvz,t,D)  Qkz,t,D‘ 


n+1 

for  z 0 c E 1 , t _ 0. 

We  have  the  boundary  conditions 


+ F(z,t) 


(6.2 : 


T(z',t,D)u  + S(z',t)v  = g(z',t) 


for  z'  £ t 0,  and  initial  data 


16.3) 


u = 0,  v - 0 at  t 0 


The  system 

u = P(z,t,D)u 

is  a second  order  Petrovskii  parabolic  system,  and  the  system 

vt  = Q(z,t,D)v 

is  a first  order  strictly  hyperbolic  system.  A(z,t,D),  B(z,t,D)  and 
T (z ' , t , D)  are  first  order  differential  operators.  All  the  coefficients 
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Definition  ".1.  The  frozen  coefficient  initial  boundary  value  problem 
for  (6. 1-6.3)  at  (z^,tn),  z'n  € dft,  tn  > 0,  is  the  initial  boundary 
value  problem 


Pvz.' ,t  ,D  AU',t0,D) 


F(x,y,t ) 


with  boundary  conditions 


Tiz! ,t0,D)u  + S(z^,tQ)v  = g(x,y,t) 


and  initial  conditions  u = 0,  v = 0 at  t = 0.  This  is  defined  on  the 
n+1 

half-space  E + {z'r  1 where  the  ray  x _ 0,  y = 0 is  the  inward  normal 
ray  to  oft  at  z'  and  the  space  x = 0 is  the  tangent  n-space  to 
at  z'Q. 

The  limiting  values  of  the  coefficients  as  t -*  °=  must  also  be 
considered,  so  we  will  allow  t = 00  as  well.  We  set  E v = E ^ U !=°1. 

We  now  show  that  by  examining  the  frozen  coefficient  problems 
via  Theorem  k.5  we  can  decide  if  the  initial  boundary  value  problem 
(6. 1-6. 3)  is  well-posed. 


Theorem  6.1.  If  the  frozen  coefficient  initial  boundary  value  problem 
at  (z’,t  ) is  a-well-posed  for  each  (z',t)  e r'fi  x E^,  then  the  initial 
boundary  value  problem  (6. 1-6. 3 ) is  well-posed. 


1 


are  assumed  to  be  C and  tend  to  constants  as  t We  also  assume 

00 

that  SI  is  a bounded  open  set  with  C boundary. 


I roof. 


We  take  a finite  open  covering  {11° ] of  . , and  a partition  of 


unify  f qp  ) such  that 


[ ' • 4 ' a 1 supt  c \f( 

b)  S !cp«(z)|2  = 1 
a 

c ■■  If  if*  0 cv-  i 0 then  there  is  a map  -»  E such 

that  ta(ir'  n bn)  c e n. 

Set  fa(z,t  1 - cpa v z ) f(z,t)  for  any  function  f(z,t).  Then  we  have 


P(z, t, D ' A (z,t ,D i 


Blz,t,D)  Qlz,t,D' 


P (z,t,D)  A (,z,t) 

a a 


B (z,0  Q (z,t) 

a a 


+ I°(z,t) 


where  P is  a first  order  differential  operator.  When  if*  H ^ 

we  have  the  boundary  conditions 


T(z',t,D)ua  + S(z',t)v0,  = gf,\z,t)  - T (z',t)u  . 

a 


There  are  now  two  cases  to  consider,  depending  on  whether  if*  0 c>n  = 0 
or  not.  In  the  case  where  if*  0 do  _ 0,  we  treat  (C.  5)  as  a Cauchy 


problem  for  (u*,va).  Notice  that  we  can  alter  the  coefficients 
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the  exterior  of  'fx  so  that  they  tend  to  constants 


Then  from  (3.11  1 we  have 


< * c(i|u“f  * . c(i|u|r  „ * Mr  . ' 


- Re(ua,  HP.  u) 


The  last  term  is  estimated,  as  follows.  If  R(z,t,D:  is  a 

bounded  pseudo-differential  operator,  then 


(ua,RD  u ) = (tpau,  ED  u) 

z.  R z.  i 

1 L 


= (u,  RD  u ' + (ujE'u'1 

Zi  1 


where  R’  is  a bounded  pseudo-differential  operator.  So 


(u'.RD  u)  < ci|u||  +•  - ||vua|r 

T1  , iP 


Then  using  (6.6)  we  have,  for  1 large  enough, 


Till"otll?  - I|mP||2  < c(||i«!|2  + ||w||2  ) 

1 1 1 n.U° 


Now  consider  the  case  where  tP  H chi  ^ <f>.  We  change  coordinates 
on  iP  via  the  map  'ip1.  Let 


V = va  o . ' 


v°  = ^(u0*  n ii) 


/a  = fa(u“  n 5.:;) 


and  using  an  abuse  of  notation,  let 


Then,  letting  .x,/1  be  the  new  coordinates,  x _ 0,  y p E ‘,  we  have 
the  initial  boundary  value  problem 


P(x,y,t,D)  A(x,y,t,D) 


v/  \ Blx,y,t,D)  Q.x,y,t,D> 


P(x,y,t,Dl  A (x,y,  1 


Bvx,y,t 


Q(x,y,t)  / \ v 


F(x,y,t) 


and  the  boundary  conditions 


T-^yjtJu^  + T2k(y,t)uy  + S1(y,t)v  = gx(y,t^  + T(y,t)i 


T(y,t)u  + S(y,t)v  = g2(y,0 


We  can  extend  u,  v,  F,  and  y by  defining  them  to  be  zero 
outside  V*'.  Similarly  for  the  coefficients  in  the  second  operator  on 
the  right.  The  coefficients  of  the  first  operator  on  the  right  and 
the  boundary  condition  coefficien4  s can  be  extended  to  all  of  ]F  1 


respectively,  so  that  they  tend  to  constants  at  infinity, 


L. 


all  our  assumptions  are  satisfied,  and  the  initial  boundary  value 
problem  remains  a-well-posed. 

P * 

Since  •' . ' ) is  J-well-posed  we  have  the  following  estimate  or:  u- _ 

from  (lt-.ll) 


Re(.u,  £u!  + Re(u  , £-1u  : + T)|jv)r  + I w | ^ 

T)  x XT!  d 


< |s_1s1!^  + I^'t, 


2 , Ir-l  |2 


W 


■a 


+ Ilrt-J!^  m2 


DC 


+ ||Fj|^  - Re(w,  R r Pu)^]. 


To  estimate  the  last  term  we  use  the  following  inequality.  If 


: x,y,t,D  ,Dt ,q)  is  a bo'onded  pseudo-differential  operator  vwith  parameter  q 


with  support  in  V , then 


--1 


'.W , u 


i -„2 


) < c^diwii:  + uii 


yA  T ~ O' 


and 


(w,G£  \ ' = (cp rj  0 '!/aw,  CrS  1u  ) 

x q x q 


= (w,G£  ^u  ) + (.WjG'S  1(cpa  o ijfO)  u) 

XT)  x XT) 


< c('!w||*  + ||e"Lu  ||2) 

- a 11  xnq 

1,V 


< C V ||w!|2  + T)-1/2  Re(u  , s"1  u ) ) • 

' yd!  X’  XT) 


Also,  |T  \-|2  < T)  ^|w|c  . So,  for  q sufficiently  large,  we  have 

n,v«  n,v« 


from  the  above  estimates  that 
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(6.1 

On 

(6.11 


obtain, 

■ .12) 

where 


Theorem 
for  (z1 
(z* ,t ) 

(6.13) 


V7  l|u||^  + ’i  Ivii;  *-  i w ! ^ _ cUi!^  + 


-|2 


W +■  - W 

7,^*  1 7,V' 


, .0 ! . 

3upt  c,  we  nave 


v/i  ik  luik  t-  r,  -r  + iai;  , 

i , •-  I , i , x ■ 


SX. . |2 


< C(|qkg|2  v + ||<paF||2  + ||w||2  - |wk  n 

1,0..  1,ah  1,.  1 i," 


Summing  (6.11!  and  (6.7)  over  all  a and  using  (•'  .k  ' we 
for  1 sufficiently  large, 


Vi  w't 


w 


i,0n 


-Til 


7,1' 


lg  „ $ 

I > - 


Ml*  > 


c fi'  c:  2 and  Q'  is  open. 
This  proves  Theorem  6.1. 


Similarly  we  can  prove, 


1.2.  If  the  frozen  coefficient  initial  boundary  value  problem 
,t)  is  strongly  a-well-posed  at  each  boundary  point 
; Ol  X p,  , then  we  have  the  following  estimate 


U*  '<**«’< 


r ) 

7,i 


The  necessary  and  sufficient  conditions  for  the  frozen  coefficient 


problem  to  be  strongly  o-well-posed  have  been  given  in  Theorem  5.1. 


We  should  point  out  that  the  system 


(6. lb ' v+  = ..  z,t,D'v 

can  satisfy  a weaker  assumption  than  strict  hyperbolicity  and  still  have  the 
results  of  this  chapter  hold.  The  estimates  for  the  solution  of  '.l-’.* 
in  the  interior  of  require  only  that  (6.1b  be  hyperbolic.  On  the 
boundary  of  ft,  the  estimates  depend  on  the  existence  of  the  matrix  s 

of  Theorem  . 7 . Agranovich  [ 2 ],  Taniguchi  [ 10] , and  Maj da  and  Osher 
f lo,  page 1 1 ■ ] have  all  given  conditions  implying  the  existence  of  ,s 

which  are  weaker  than  strict  hyperbolicity.  If  (’.lb  is  hyperbolic  on 
ft  x ]R  and  satisfies  one  of  the  above  conditions  at  each  poin*  of 
3 x B ^ then  Theorems  ■ .1  and  .2  remain  valid. 


JiiAPTER  VII 


& 


PSEUDO-DIFFEREI'ITIAL  OPERATORS  WITH  PARAMETER 

In  this  chapter  we  present  a theory  of  pseudo-d ' fferential 
operators  that  depend  upon  a parameter.  Our  theory  will  be  analogous 
to  the  usual  theory  of  pseudo-differential  operators  and  many  results 
for  the  operators  with  parameter  will  follow  immediately  from  the  usual 
theory,  our  presentation  will  follow  Taylor  [lb],  also  see  ..irenberg 
[ 1?]. 

We  shall  then  prove  Theorem  4.7  by  constructing  the  pseudo- 
differential operator  R(o),t,t|  which  depends  on  the  parameter  q. 

Finally,  we  use  our  theory  to  prove  analogues  of  :§rding's 
inequality.  These  inequalities  are  used  to  prove  Theorem  4.8. 


7.1.  Definitions  and  : ormulae 

Let  N be  an  interval  in  1-  , I!  will  be  the  se_  of  paramecers. 

For  | £ IF:1'  and  1 "i,  define 


(in 


2 2 , l/p 

II  -t-  qc  i ' CL 


Definition  7.1.  For  m.  . I . < p < 1,  St>.  is  ' el  f 

p ? C (Pn*  TR‘‘  x fj  j with  the  property  that  for  any  multi-indices 

and  8 there  is  a constant  C such  that 

a,p 


|DrV'p(z,4,q) 


- 

66 


n, 


"!-■  If 


i 


1 


if  p e sp'; 


we  say  p is  a symbol  with  parameter  of  order  m ai.d 


type  p. 

We  note  that  the  usual  theory  of  pseudo-differential  operators 
corresponds  to  choosing  W = fi,  ),  ^ / 0.  For  us  N will  be  of  the 
form  [t.  ,oo  i,  0.  We  shall  allow  p(z,',^)  to  be  a matrix,  and 

in  this  case  we  shall  say  p e Sp™  if  each  element  of  p is  in  Sp  . 
The  Fourier  transform  of  u(z^  will  be 

G(§  : = (2ir)~n^2  f e z u(z)  dz  . 

Bn 

For  two  vector-valued  functions  u(z),  v(z^  we  define 


(u,v)  = f uiz  ' v(z ) dz 

„n 


IF 


f G(| )t  v(|)  d? 
n 


In  this  chapter  we  define  the  norms  |u|  by 


|u| J = f |g(|) I2  (5,n)2r  d? 
IRn 


Note  that  for  r 0 and  t)  0 


lulr  < ’l  lul0 


Definition  7.2.  If  piz,!;.'i’1  € Sp_  then  we  define  the  pseudo-differ- 


ential operator  plz,D,t|'  by 
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r 


pvz^D,^)  uvz 


) = (2ir)‘n//£  r p(z,?,T)'  e "z  ^ u(5  1 


d5  . 


m 


We  then  write  p(z,D,r])  G PSp(m, p)  and  piz,^,’!)  is  the  symbol  of 

p (z,D,n  > . 

Notice  that  a differential  operator  of  order  m is  in 
PSp (m,l). 

If  p(z,D,Ti.1  £ PSp*,m,p)  then,  for  each  fixed  non-zero  value 
of  T N,  p ZjP,!  1 can  be  considered  as  a pseudo-differential  operator 
according  to  the  usual  theory.  Therefore,  all  of  the  elementary- 
properties  of  pseudo-differential  operators  carry  over  to  pseudo-differ- 
ential operators  with  parameter.  In  particular,  the  asymptotic  expan- 
sion formulae  for  adjoints  and  products  are  exactly  the  same. 

For  convenience  we  collect  here  the  formulae  we  will  need. 

If  p(z, 5 ) e Sp^  , {p  (z,5,t)}  n is  a set  of  symbols  such 

P a 

that  p vz,?,t'  £ 3ppm  (a  is  a multi-index),  and 


, m-Np 

PvZ,?,1!  1 - p vz,|,t})  e Sp 

0<  |al  < N a 


for  every  N 0,  then  we  write 


p(z,$,i})  ~ p U,I,V 

a>  0 a 


and  call  it  an  asymptotic  expansion  for  p(z,5,i). 

P (z,D,V  is  the  adjoint  of  P(z,D,^)  defined  by 
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f (P  u)  v dz  / u'(Pv)dz  . 


Its  symbol  is  given  by 


~ £ i a -V  D.V' 

S z. 

a>  0 


If  P(z,D,1’i1  t PSplm^p)  and  QizjDjt'I  € PSp(mo,p),  then  the 
composition  P*QvZ,D,V  is  in  PSp + m^,p)  and  its  symbol  is 
given  by 


,5,t)  ~ I i ' \ D?P(z,6,n)  D“ft(z,l,T)) 

CCS  b 


In  our  applications  of  this  theory  we  will  take  z - (y,t' 
5 = and  the  functions  we  deal  with  will  be  zero  for  t < 0. 

For  P(y,t,D  ,D+,^)  , a pseudo-differential  operator  with 

y 

parameter,  we  have 


le^'  P(y,t,Dy,Dt,rlHe'T1tu)||^ 

00 

I P (y , t , D ,D  ,1  He"^  u(y,t))|  dy  dt 
y t 


P(y,t,D  , D , t ) (e  r't  u(y,t)' 
V ^ 


r P(y,t,UJ,T,T))  u(as,  Ti  + it)  dd>  dT  . 


En 


u denotes  the  Fourier  transform  of  u in  y and  the  Laplace  ’ransform 
in  t,  the  dual  variables  being  a'  and  q +•  it,  respectively. 

In  the  proof  of  iar ding's  inequality  we  will  need  to  use 
double  symbols. 


Definition  7-3- 
a,  P1?  and  p2 


rXX 


2/ 

p{t.2,z,e,lfT) ) e spp 
there  is  a constant  c 


m2 


a,p 


1 


if 


for  all  multi -indices 
such  that 


Dq  pU2’W' 


m -p|p  j m -P Ip  I 


Definition  7,k.  The  operator  p(D,z,D,q)  is  defined  by 


(p(D,  z , D,  q )u ) (§2  ) 


/ 2 Z • ^ 

= 2ir  ff  p(62,z,l1,Ti)e  r'  1 u v ' L ) d5x  dz 


P(d,z,D,t)'  can  be  thought  of  as  first  performing  the  5 
differentiation,  then  the  z multiplication,  and  finally  the  £_ 
differentiation. 

It  can  be  shown  that  P(D,z,D,q)  is  a pseudo-differential 
operator  in  PGp ,p)  with  symbol  p(z,£,q'  where 


(7.2) 


L 

a>  0 


lal 


a! 


„a 


D? 


pU?,z,£,q' 


£ 
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We  now  give  a few  examples  that  will  be  used  later.  Le* 
I - then 

a (a/  r iT  !-  T))1/2  e Sp3',, 


a"1  r 

° Spi/2 


1 Sp, 


We  will  also  need  the  following  lemma. 


Lemma  7.1. 

If  p ( z ,a,  t , T| ) 

satisfies 

for 

P _ 1 

i i2  ii 

and  | a)  | + | x | 

+ T large. 

m 0 

and 

p(z,a),x,T| ) r sp 

m/2  . „ 

1/2  lf  m 

_2_  2_  i m 


Proof.  By  induction,  we  see  that 

(D^p)(z,(xo,p2T,p2T1)  = pm-lol-2|pl  , 

rd  | | 

also,  for  co  + | t | +■  r\  large 


(a:2  + ! x | + t])1/2  < (5, 


r] ) (or  + | x | + t)  ) . 


We  then  have 


|d“d^  p(z,£u,t,t1)|  < c lu>2  + | t | + V 

“ t - ,7,p 


The  lemma  follows  easily. 


I 


r 


"1 


’.2.  The  Construction  of  R(y,t,u.',s  1 

We  now  prove  Theorem  4.7  by  constructing  the  pseudo-differential 
operator  R(,y,t,<n,s  1 . We  let  z = i and  o.  = Re  o, 

Che  theorem  we  shall  prove  is  actually  stronger  than  Theorem  4.7. 


theorem  7.1.  There  exists  a hermitian  symbol  Riz,!,7!  3p“y0 

satisfying  the  following: 


(7.3)  a)  H(z,?,n)  - Re  R(z,?,t)  N Cz, 5 wh 


ere 


A (S,7^  ■ 


'0  I 

0 2p 


b w Rw  _ Cq  (7  I w - W (.  5 Jf  TJ  > [ 2 1 

where  ' is  a positive  constant  which  may  be  taken 
arbitrarily  large  and  c0  - 0. 


c)  If  R = 


11 


21 


21) 

RPP  / 


where  R is  2p  x 2p  and 


R22  iS  q X q ther‘  R11  and  P'21  € Spi/2  and 


r22  g spr 


d)  If  H = 


11 


21 


21 


‘22 


is  a decomposition  as  in  (c)  then 


Hn  and  H21  C Spd/2,  H22  G Spd,  and  H^z,!,7)) 

2 2 2 2 2 

for  t + r\  _ c^1'  and  t f 7 _ for  some  constants 


V V 
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— 


,!e  will  need  the  following  lemma  in  the  proof  of  "heorem 


I 7.2.  liven  the  lower  trial  f liar  k * k matrix  A a.  . s 

/ 7 ~1‘  . ■ — - - x<, 

* hat  Re  a / 0,  there  exists  a real  diagonal  matrix  D such  that 
ii 


Re  DA  . =•  DA , > 0 

— 2 d 


where  Ad  is  the  diagonal  matrix  diag(Re  , ...»  Re  a^). 


■roof.  For  u e and  any  diagonal  matrix  D such  that  DA 


we  have 


k i-1 


e u DAu  = L d.  Re  a. . |u. | + Z Z d.  Re(u.a  ,u 

i=l  1 11  i-1  j=l 


d.  Re  a. . |u.  | 

- . , x n 1 
i=l 

k i-1  / (i-l)d. | a. . |£ 

- ' ' E 1 1>1 


i 1 3=1 


Re  a 


n 


, ,2  di  - 6 aii  , ,2N 

Iuj!  + Ui-T'~  !ui' 


- 3 X d.  Re  a.Ju.l2  - ::  lu.!2 


k (3-l)d.f“  12 


. ui.  . .to  u,  . i u. 

4 . n i n i 
i-I 


i-1  j=i.+l 


a ..  • 
1 i 

Re  a . . 


Go  if  we  choose  cL  = sgnvRe  a^) , and  then  having  chosen  d.  for 


j > i set 


d.  = 


1 1 l (3'l)dj  l.  12 


— t — ■ — — — — — | 3.  , | y 

i 4 Re  a..  Re  a...  ji 


ii  j=i+l  33 

then  D - diag (d. , . . . ,d.  ) satisfies  the  condition  stated  in  the 
1 K. 

lemma. 
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roof  of  Cheorem  7»1«  ix  z at  some  valu<  z ; we  now  cotustn 
' ,g,T|)  - RU,t|).  Set  p - (6,iy  , 5'  pft,  T = PI,  and 
' 5',V,p)  - PR16,t). 

RU'>V>p)  will  be  a hermitian  matrix  satisfying 


s a * 1 

/ 0 2p 

a Re  Ri:' 

y . 

where 

or*  = pc  he  (-<• ' 

+- 

' 1 W " :;tW 

c (c |wr  1 ' ,1'  . - 1 1 

4- 

rr C t r 

W V b ) 

r ,p)  c : - U' . 

and 

may  be  taken  ar 

l 1 . u ) I ^ \ 


V.e  will  construct  i'.f'n'jf  'n  a neighborhood  of  each  po.'n' 


?’  >V  ,PQ  where 


kjl2  * h'i  - 1 


- ' 0 - - 1 


For  pr.  we  construct  RU'>Tl'jp  as  follows.  Since  the  eigen- 

values of  N(fj',V>p)  are  bounded  away  from  the  imaginary  axis 
heorems  k.3  and  U.U),  there  is  a transformation  UU'  ,V ,{; ' whi  ?' 
is  analytic  in  a neighborhood  of  U('.>t1q.>P0'1  such  that 


,p)N'U,,T',p)  r'U',y,p) 


L. A 


Ii'  is  lower  triangular  and  the  eigenvalues  of  17 
negative  (recp.  positive  1 real  parts. 


resp. 


have 


low  we  choose  and  D according  to  Lemma  7.2  so  that 


Re  > D+(n;)d  • 


Set 


Noting  that 


rw 


• W 


in  a neighborhood  of  (SqjTJqjO).  We  then 


we  see  that  (7.4a'1  and  (7.411  are  satisfied. 

In  the  case  where  pc=  0,  T / o,  oh  i 0,  we  again  have  the 
eigenvalues  of  .’  5* ,V ,0)  bounded  away  from  the  imaginary  axis 
heorev  . ioreover  . '(§’,T,p)  can  be  expressed  as  an  analyti 

function  of 

struct  >•  as  above. 

e : ow  construct  R in  a neighborhood  of 

h'  .t'  , . : lot e that  N^2U',V,p^  = N22(£',n' \ Let 

I-  H'.V  be  the  matrix  as  constructed  by  Kreiss  [ ( ] (see  also 
22 

Ralston  [15] ),  satisfying 


a) 

Ke  R22  “22 

_ v, 

b) 

vt  R22  v > 

c0(?'|v+|2  - |v  |2] 
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imi—i im  ■■■■■!—  i.i«h 


O)'  - 0,  P - o both  and  are  zero,  but 

•)'  +■  iT1':,'1  is  non-singular.  So  for  * and  suffic 
-11  • ;.e  matrix  iISS’VjP'  defined  by 

• I * _ 1 

"11  22  22  21 

Is  well-defined  by  Lemma  2.1.  Moreover,  - satisfies 

(7.7)  !W|  _c||H'1!|lCa^  . 

e ,3aM'  ,p)  7U',V,r)  and  - R?1  • 

,e  now  need  to  construct  in  a neighborhood 

),%'),  p . o do  this  i is  necessary  to  construcl  a 

matrix  D(to,s)  for  all  Ks)  t , with  Re  s /0,  such  that 

17.8)  a)  HeDKsto^ts)  ^Vip’ 

b)  ufcDu  cq(7|u+|?  - |u”|2). 

.o  reed  only  consider  Ks)  with  ^ + Is  I 1 since  we  can  extend 
a ,e  1 to  all  nonzero  (u>,s'!  by 

D(pn,P2s)  - D(t»,s)  for  P ! • 

j- e hat  li  ^(oj,s  1 is  analytic  in  e s _ -a^(U  • :'y  meorem 

,e  eigenvalues  of  N^^s)  are  bounded  away  from  the  imaginary  axis, 
zo  we  ‘an  construct  * locally  for  ouch  value  of  ^ * 

|s|  1,  using  the  techniques  described  above. 


oince  the  set 


{(u>,s):o/  + !s|  - 1,  F.e  s _ j,  r F:n  } 


is  compact,  we  car.  cover  it  with  a finite  number  of  neighborhoods 

i",  1 on  each  of  which  D(u>,s  1 is  defined.  If  ft,  1 is  a C°° 
k • k 

partition  of  unity  for  the  cover  we  define 


.s  ■ . • ,S  - ..s'1,.. 

k 'k 


■ Is  easy  to  se<  that  (7.8a  and  b)  are  satisfied  and  that  D(oj,o) 
"Unci  Lon  of  (u, s ) . Note  that  we  do  not  define  D(0,0). 

• e define 


RU*  ,Y  ,p)  = 


dD(o)’  ,ps' 


r21u-  ,Y  ,p) 


R21(?',T,p)  R22(5SV) 


'’or  in  a deleted  neighborhood  of  ((c,t'  tote 

that  is  not  defined  at  = 0,  u'  = 0.  d is  a positive  number 
■ o be  determined. 

We  now  check  the  properties  of  R. 


( 


Re(dM*JL  + R21N^) 


i 

22  22 
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rom  17.7'  we  have 


and  from  (7.8) 


rV  Sco 


,2 

0 


' i i > : " 


or  d sufficiently  large  we  have  v7.Ua1.  To  check  (7.Ub ) we  n< te 
if  v is  an  eigenvector  of  \\lr  'hen 

dd 


Li  an  eigenvector  of  N' . Alsi  ,ij 


u 


is  an  eigenvector  of 


TVT  t 

11 


is  an  eigenvector  of  N' , where  V is  defined  by 


VTI' 

11 


Since  at  p = 0,  tu'  = 0 we  have  nonsingular  and  - , we 

can  solve  for  V(S',V>p)  in  some  neighborhood  of  p - 0,  u>'  - 
Moreover,  from  Lemma  2.1, 


7.9) 


< c 


21" 


r'j ! 

0 


■ >o 
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17.10’  wf 


>v  *-  Vu 


and  w - | 


. v *■  Vu 


' : [1.9  • 


w “Rw  > c(.  (M  |uf  ,c:  + |v  !‘  - (|u  ! + !v  - co!  u + iv 


> : (*5  !uf|c*-|v:r 


Hut  by  (7.10  and  (7-9^ 


^“l2  < !u+!2  (i  - ^i2)  + !v+!2 


'w  I2  > lu 


|c  (1  - CO'2)  * |v"|‘ 


0 o , in  a suitable  neighborhood  of  0 = 0,  u)1  - 0,  we  have  \ i . 5b  • 

We  take  especial  note  that  the  lower  left  q * 2p  submatrix  of 
He  : is  zero  for  |co*  | < e,  0’  < c for  some 

"he  final  case  to  consider  is  0(-  = 0,  ^ 0,  q,’  °*  7y 

•em  4.3,  the  eigenvalues  of  N’  (5q,0,0)  are  bounded  away  from 
*he  imaginary  axis.  As  we  have  mentioned  before,  there  is  a matrix 
*'  q',p',  analytic  in  a neighborhood  of  (£'.,0,''  with 
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where  the  eigenvalues  of  N^U^O,  are  those  eigenvalues  of 
“22^0’° ' which  are  pure  imaginary  and.  the  eigenvalues  of  :"r  , . 

are  -.nose  which  are  not  pure  imaginary.  Lis  . " = 

r i angular. 

■-'ince  the  eigenvalues  of  the  upper  block  are  bounded  away  fro::. 
•'  imaginary  axis,  we  can  construct  a matrix  R" (1^,0, C 


and 


w "R"w  > cr w ' - w" 

in  a neighborhood  of  3 = 0,  o^'.  0,  i'  0. 

uet  R (f ' , V ) be  as  constructed  by  Kreiss  [ •’  J and 
Ralston  [15],  which  satisfies 
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0 


I'o  see  that  R satisfies  we  note  that  for  f 

: ' • ’!'  vu:  ■ r . ■ ■ ■ 'i  ■ ■ ni  • ' ='  , ,,  and 


1 Imp  Lj  ha  t Sp 


:owever  t -^  ( 5 ' , V ,f3  is  not  def!:.- 


where  s _ cp , and  Dies, si  <T 


,T'  , and  L-  a neighborhood  of  this  pc',  rr 

dD(o>,s!  for  |u'|  < 

,,  by  Lemma  7.2.  Fhis  means 


n dD(.',ps''.  Therefore  dD(a>,s!  for  |a  ! < c 1 s ’ 


and  so  R £ 


0 


11  rl/2  ” _ * "*'1/2' 

c see  that  7.3d'  is  sa‘  icf:ed  we  recall  that  for  ’ 

1 w<  r left  : x 2p  s nai  ri:  was  lonstructi  i t<  e 

sere.  his  means  that  for 


l“l  < c1|s ■ , 


Cg  < !S 


tin  lower  left  q < 2p  submatrix  of  Re  | . ..t.V  is  zero . 

tri  this  way  we  can  construe:  [z  ,5,i  '•  for  every  zr . ”oreov. 

the  coefficients  of  N(z,5,i)  are  continuous,  so  we  can  use  the  same 

: , 5 >7  in  a whole  neighbor  ood  . Since  the  coefficients 

of  N ( z , 5 , 7 tend  to  constants  for  large  values  of  ! z we  can 

.•'noose  a finite  set  of  points  1.'  and  neighborhoods  of  the  poiir  - 

’ which  cover  (z  = (y,t  :y  I ",  ' 0).  R,zv,5,r|  sa*  isfies 

. with  N(z,|,7^  for  all  z , . if  we  take  (c,,  • o be 

K K K- 1 

a partition  of  unity  for  the  covering,  then  ■ .z,5,7  ' can  be  defined 
for  all  values  of  z by 

Rvz,|,7  z.  ,5,7  t,  (zl. 

k-  1 k K 


f<P 


We  then  show  how  Theorem  b.  follows  from  these  results.  V.’e  shall 
first  do  some  rearranging  of  our  operators  to  put  them  in  a more 
convenient  form.  As  in  the  preceding  section  let  z -■  (y,t  , 5 , 

and  w = (u,v'('  where  u and  v have  dimensions  2p  and  a,  respective!.. 
i.Thus  u - (u,u  ! ' in  the  notation  of  Chapter  IV.  1 
We  have 


for 


— 


.ow 


n p 

, .Iz,*,1]  - 0 when  ; " <-  • '• 

cl  ~ 1 


1 


r2  _2 


' -V 


' 2 2 

and  for  values  of  (co,T  ,ti  i wit  c^l/r  f H ) > c^c,. 


(7.12) 


c Jo  - - cJo 


construction,  ^ is  the  produet  of  symbols  in  op  and  symbol: 


with  par 

• 

• v . S 

l>emma  7.2  and  (7. 

12  i we  see 

SLZ>i>'' 

1 

.’Pi  and  so 

L ' ‘ ' 

Pi  • 

v.e  now  state  r he 

o 

r i ns i * • f * 

inequality  we 

will  need 

eorei 

7.  . ive*  ne  ; 

positive  > 

Infinite  matrix 

symbol 

"1?  ' 

• ~ t % y ’ 1 1 

ii  z'tt’ 

- : -1' 

,2vz..|,V'. 

where  kz  , \ , q ) •"  bp^y,  and  the  other  components  are  in 
the  operator  ;.z,D,V  satisfies. 

I t p ! 1 2 

Re  \y , ;vz,D,r,  w:  * :;|JvL1/2  * 


"he  decomposition  w (u,v 1 * •corresponds  to  the  matrix  decompos'  o 
of  7.13  ) 


4 





mm  ■ 


Proof.  ur  proof  follows  Taylor's  proof  of  The  sharp  larding  inequal 


in  r 19 ] . We  shall  modify  the  proof  :y  including  the  parameter  and 

0 

shall  proceed  as  if  hz^.V  were  in  5p^,  and  then  check  the 
estimate  we  obtain  for  'il',Z,^,V  which  is  the  component  not  in 


0 

opr 


We  begin  by  performing  a Friedrichs  symmetriza*  ion  of  ; z,‘.,ri 


Let  qL 
and 


be  an  even 


C~(Bn+1 


function  with  suppor'  Ln 


I u 


< 1, 


Define 


ln-1  l/L 


Definition  7.5.  The  Friedrichs  symmetrization  of  ,z,5,q  is 


(7. lit)  su2,z,51,t1)  = f F(§?,%n)  at. 


see  :hat  SiD^z.D,1!)  is  a symmetric  operator  from 


7-15  (w,  SlD,z,D,qW' 


iz’t,  t 


IZ‘ 


f ( (w(«jg)e  SUg.z,^^!  (wvf.^e  ^jdzd^df 


^ iz  • \ 
r { r w v |0  )e 


' f f wl?1)e 


iz-5. 


'ds,T  ] d "dz 


> 0 . 
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■ e must  now  show  'hat  ,z,D,q  is  a pseudo-differential 


operator. 


Lemma 


7.2.  SUg,z,?1,ri)  e Spiyfc  . 


■'roof.  By  induction,  it  can  be  seei  that 


(7.16)  D'p  = 


/A- 


a>P>r 


where 


; = U-C) 


v -l/2 


l)  ( ? , T)  ) f Sn 

a>P,r  * 


-Oal-  | Ip-if  I ' 

Pi  * E apx 


/ F(i2,C,n)  dP  Glz,^n)  F(?1,^r1)d?  , 


so  by  the  Schwarz  inequality 


Id?  dK  s(8  ,z,? 

52  z h 2 1 


r |d«  fu^cdM^  dc  f|o[  F(s1,c,n)|?  dr 


Applying  (7 . 16 ) we  have 


1^  *%■«,!!, n>l  < WHr'l'*'"7' 


which  proves  the  lemma. 


We  now  compare  G{z,1,t\)  and  its  symmetrization 
By  (7.2),  S(^,z,?1,t1)  is  equivalent  to 


t(z,6,t)  ~ t iz,i,n) 
a > 0 a 

where 


T (a,|,n)  = ilal  zr  S(8n,z,6,  n 1 


a 


a',  z e2  2 


By  (7.lO, 


, lal 

: z,| ,r\)  = — - 


a‘  Ip  I < lal  a’&’r 
r<p 


* n q.J  qla)  D^lz,?-.  ^T'^, 


. , „ - |a| /2  „ 0 

i.nce  :•  p ‘ c>Pj  and  the  above  integral  is  in  • pq/2 


we  have 


(7.17) 


TaU,S,V  € 3pjy2 


for  |a|  > 2. 

We  now  consider  T (z,£,V  for  |al  =0  and  1. 


a 


TQ(z,6,n)  f g (z , 1 *•  , (t,n  1/2)n)  q2(j 
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expanding  G by  Taylor's  formula  to  second  order  the  linear  term 
integrates  to  zero  since  q(j.)  is  even.  We  have 


T0(z,5,l)  = G(z,|,l)  - (5,1)  , E G (z,5,ri)  , 

I Y I =2  r 


-v  (z,5,D  = yr  / urq2(a)  / dT  ,z,e-.t  (5,l)1/2,lHl-t  it  d. 


We  now  consider  the  components  of  . Wince  1 £ Sp. 


, ajj 

11  £ SPl/ 


It  (z,6,T))  - G (z,6,n'|  < (5,1)  c ( 5,1 ; 
3,11  11  ~ Ir  1=2  r 


< c . 


tor  the  other  components  £ 3p^  , so 


It  . . (z,  5,  i ) - g . .(z,5,  )|  < c (5,iV 


To  consider  T iz,5,1  for  |oS  - 1,  we  note  that  for  r < £, 
O ~ 


WU’n’  € Spi 


- (l-  i |p-r| ) 


Go  ^ (?,l)  € Sp  \ and  we  need  only  consider  •'  5 ,1 1 ■ 

OL)&  jf3  -A-  01)'.'  * 


8( 


z>5>  l'  ' ..  t ,£.'l  1/1  .’|  ill  l(t  dl 

or  IrUi  ’ z i- 


plus  terms  in  Sp^y,  . We  again  expand  by  Taylor' s formula 


d“g(z,?+P 


- d“o(z,?,ti)  + 7.  i r vrrf- Hz , I - m 'to  1/2,vur  dt. 

I r f = i o ^ z 


Inserting  this  in  the  formula  for  T , the  firs'  term  integrates 

o; 

to  zero  since  q(p ) is  an  even  function.  Considering  "he  components 


we  have 


Ta,llU”’r  e Sh/f 


and  for  the  other  components 


Ta,i,1lz’5’1'  r Spi  ' 


Combining  all  of  the  above  we  have 


J.18)  G(z,8,t))  = T(a,5,ti)  ► 


Gi;LU,e,T  ■ 


z , ? , *) 


where  G11(z,5,i)  £ Sp^yg  and  G(z,?,V  e Sp‘J,_ 


(7.18)  and  (7.15'  imply 


(7.19'  Re(w,Gw)  Re(w,Tw)  +-  RelujG^u'  +•  Relw.lw 
--h|u|o  -c?,vl-i/? 


which  proves  Theorem  1.2. 


k 


mi m 


'•'■e  next  prove  another  :8rdir:.q  inequality. 

0 t 

■'  • If  : U,  5 .1  Sp  and  P(z,S,tj  I (z . : . •, 

then  for  each  >0,  r > 0 there  is  a constant  c - 0 such  tha' 

r 

'■’•hi  Re(w,P(.z,D,ii)w)  - ;w  - c w 

— 0 0 r -r 

Proof.  We  modify  Taylor's  proof  in  [ 1 % p.38]  to  allow  matrix 
symbols.  We  show  that  we  can  write 

Re  P = i P +•  ; cr  - +■  D+D  + P 

r r r 

wnfcre  . r ' P(  r and-  Dr  € 3prj  * * . Since  P(z,?,h  t Sp  , 

•* 

its  adjoint  P z,?,V  is  also  in  3p  and  by(7.l) 

P*(z,i,r\'  - P(z,',V  + P(z,?,’l) 

where  P £ Sp"'’. 

Let 

PQ(z,?,n)  = | (P(z,5,T>  +■  P*(z,',V'  + M - icQ  - 

where  M is  chosen  so  that 
(?*21  ’ P0tz,?,n' 


yo 


1 


t 


♦ 


f 


ot(  that  and  . . Let  z,§,  t ly  , 

by  (7.21  B € Gp  and  since  - Br 


Z ■ § • Sp~‘  ■ 


So 


2 : • 


* V-  * P1 


wnere 


P1U,l,n 


?.,i,  i .ip 


1 ’ 


How  assume  that  we  have  constructed  B.  z-l.1!  ' Gp-'  tor 

J 

such  that 


(7.22  ) 


I - 


£ . ) (b„  + 

n-l  n 


n- 


where  P z,?,1!  £ Sp'nQ  and  P* 


n n 

tie  take  B z , F, , 1 as  the  solution  'o 
n 


B B *•  B B = P . 
On  n 0 n 


Since  B(  > \J  , Bn(z,F>Ti  is  a well-defined  matrix,  and  because 


B £ Gp  and  P € Sp"  we  have  R 0 Sp"  '‘  • Also  since  i 

P n cp  n 


-np 


B (B*  - B ) + (B*  - R lB 
On  n n no 


- * - Sp“  1 : 


0 O n n 0 0 


yi 


nd  so  B - Sp  1 . ;,ow  it  is  easy  to  see  that  (7.22 

holds  if  n is  replaced  by  n+1.  Let  D = B f + B 

n 0 n-1 

then  from  (7.22'  we  have 


Re(w,?wi  - r ((w,Pw  + vw, P*w 


= (cQ  - w'o  ^ + y> p„w 


n 


n 


£ lco 


i2  i i2 

W - C W /_ 

n -np/2 


1 ' ni  /2  > r we  have  proved  theorem  7.5- 


’ • 1+ . : roof  of  Theorem  h.  _ . 

In  this  section  we  prove  theorem  b.°.  First  we  relate  the 
norms  used  in  Chapter  IV  to  those  used  in  this  chapter. 

For  two  vector-valued  functions  u and  v 

(uj v ' ^ = (e  1 \i)  e"*1 ' v'  , 


and  for  a pseudo-differential  operator 


P,  (w,Pw’ 

7 


will  mean 


i _TVfc 
(e  w, 


Pie 


-7t 


w 


)) 


(So  to  be  accurate  we  should  write 
(w,  e"'tP(e  T-w)) 

n 


i.n  place  of  (w,Pw)  . ^ 


,,T 
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We  now  prove  Theorem  U.  . Applying  Theorem  7.T  and  using 


. 11 ! we  have 


Re  ^w,R \7.,  D,i  ' r;  z,D,n'w>^ 

_ c0||MD,ti '_1w||^  - eL||ofufn  - CgHv'l^ 


> <c0  - Re(u,Eu^  + V’Hc0  - c ) Mv'i^  . 


By  taking  i sufficiently  large  we  can  make  the  coefficient  of 
2 1. 

!v’^  larger  than  — c,i-  To  handle  the  other  term  on  the  right 
we  note  that  we  can  replace  R(z,|,i)  by 


where  d > 0,  and  all  the  properties  of  R(z,*,l^  still  hold. 
Moreover,  Re  R^(z,?,i)  \z, I , l > > c 0 so  we  can  apply 
Theorem  7.3  to  obtain 


Re(u,R11(z,D,’i)  nii^z,d>ti)u) 


> (cQ 


cl  ) Re(u,£u)_ 


For  proper  choice  of  d we  then  have 


Re (w,RN  w)^  > c(Re(u,Eu^  t-  l||v!!^} 


1 


o change  notation  to  that  of  Chapter  IV  replace  u by 
,u,-  \u  *■  P ■'"Av ' and  we  easily  obtain  (.4.28). 

X CJ 

To  obtain  (4.29'  we  note  that  for  any  vectors  w and  g 
such  that 

T(z,5 )w  - g 

we  have 

(2 


w 


'K(z,5,VW  > -c1lg!  ♦-  c |w|  . 


But  this  is  equivalent  to 


R +■  c T T > c0 


ror  the  definition  of  T(z,t,V  in  (4.7'  and  Lemma  7.1  we  have 

. 

. So  we  may  apply  Theorem  7*3  and  we  have 


Be  (w,R (z,D,q >w)  > -c^Re(w,T''Tw)  +•  (cg  - e - -)  |w| 


2 -C1 


|tw|2  + (o  - - "-1  — _1/2^  L-12 


(cg  - * - T) 


T)  ' 'q 
CT)' 


w 


V.'e  have  used 


Ttj^  (z,£,q ' - T(z,g,q)  G Sp^" 

from  ,7.1'.  For  q sufficiently  large  we  have  (4.28). 
This  completes  the  proof  of  Theorem  4.8. 


r -V2 


t 


APPENDIX 


In  this  appendix  we  present  a few  examples  to  illustrate  the 
use  of  the  results  of  this  thesis.  The  first  four  examples  treat 
constant  coefficient  problems  on  a half-space.  The  fifth  example 
illustrates  how  to  deal  with  variable  coefficient  problems  on  a 
bounded  domain  with  smooth  boundary. 

1 2 

For  each  example,  the  quantities  u,  v, v , v will  be  scalars 
and  for  the  half-space  we  will  take  E^  - {(.x,y):x  >0,  y r E }. 


..xample  1.  The  equations  are 


u,  = u + u + av 
xx  yy  y 


v,  = bu  + 
t x 


The  boundary  condition  is 


ciu  + k2v  = s(y>t) 


We  will  use  Theorem  4.5  to  establish  well-posedness . Note  that  we 
have  one  boundary  condition  since  p + q =1+0=1  (Assumption  4.5'. 
a)  We  first  check  for  parabolic  eigensolutions  (Definition  4.5'. 

If  (ujV^,)  is  a parabolic  eigensolution,  then  v(.;  = 0 since  q =0. 


The  equation  for  u is 


MMi 


f 


I 


I 

i 


» 

t — - 


Re  s > 0 if  .and  only  if  ReCk^/k  )j  > 1,  and  so  the  system  is 
c-well-posed  if  and  only  if  Retk^/k^b  < 1,  with  k^  / 0. 


with  boundary  conditions 


0 


u 0 + k*  0 = 0 . 


There  are  obviously  no  parabolic  eigensolutions. 


b ' An  eigensolution  of  hyperbolic  type  must  solve: 


0 = u - u>  u 

XX 


-1  0 \ / v 


0 1/  \v 


0 io>  \ / v 


icu  0/  \ v 


oN\ 

a 

b / 


It  is  easily  seen  that  the  solutions  are: 


u = uQe 


->x  l^lb 


for  s i 0,  and  when  s = 0, 


1 \ - 05  x b / ' 

. ?u°  L 

1 cr/  1 


p p l/?  / 

We  have  set  A = (or  <-  s ) ' . The  boundary  condition  for  s f 0 is 


t 


ja)|a>|b  _ 
v0  2 0 “ 


* k{j^  v * ts-hl  ) 


uo  tkUv  0 


U°)  = 


Solving  for  s,  we  have 


Q Q 

v s +•  ^ ^ +■  |cd|  f |o)|kb  = 


or,  since 


“ i 0, 


/(l5r^  + 1 = + kb) 


We  obtain  the  same  equation  for  s = 0.  The  map  z — y'z  +-  1 
maps  the  plane  He  z > 0 onto  itself,  so  we  have  that  the  system 
is  0-well-posed  if  and  only  if 


Re(l  +■  kb1  > 0. 


We  now  present  two  examples  illustrating  the  use  of  Theorem  5.1 
for  strongly  0-well-posed  systems. 


3.  We  take  the  eeuations 


u.  = u +•  u *-  av 
t xx  yy  y 


v,  = bu 
t x 


with  boundary  conditions 


r 


ux  + hiv  = 


U._  + hov  = gg(y,t) 


y 2 


Note  that  Assumption  4.1  is  satisfied. 

a'  If  (u,v  is  a strong  parabolic  eigensolution  (Definition  5-2), 


then 


and 


-ox 

u = u0e  5 


(o  = (a,2  + s)l/? 


-OUq  ► = 0 

IcoUq  - h2vQ  = 0 


If  hg  = 0 we  have  an  eigensolution  with  cjd  = 0 and  \/s  = Xi^yrJ\ir . 


rf  h2  ^ 0, 


P hn  2 

s = _ to^fl  + U±)  } . 

h2 


We  see  that  there  are  no  strong  eigensolutions  of  parabolic  type 
if  and  only  if 

h2  i 0 

h 2 

R.(h->  >-i  . 

b)  Checking  for  strong  eigensolutions  of  hyperbolic  type  (Definition 
we  solve 

0 = u - u>  u + aiu>v 

XX 


SV  = -V 
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\_n 


The  solutions  are 


when 


when 


v 


V0e 


-sx 


„ _ „ “Mx  a jn  -sx 

0e  - 2 2 V0 
s - 


s / |o)|  , and 


- x aiu>  - ItD  x 

u = U0e  2|^T  V0xe 


|0)|. 


The  boundary,'  conditions  are  satisfied  if 


^ihl 


1 . 


The  sign  depends  on  the  sign  of  o>.  The  system  is  strongl 
o-well-posed  if  and  only  if  all  of  the  following  are  satisfied 


x-i-T.ple  . We  take  the  same  equations  as  in  Example  2. 


u^  = u *-  v 
t xx  yy 


-1  0 

0 1 


0 

b. 


u > 
x 


but  with  the  boundary  conditions 


, . 1 1 

Ux  + hlV  = 8 


2 2 
u +•  h v = g 
y 2 B 


It  is  easy  to  see  that  the  condition  that  no  strong  parabolic  eigen- 
solutions  exist  is  h^  i 0. 

If  (u,v>  is  a strong  hyperbolic  eigensolution, 


(>  = (o>2  f s2)l/2) 


The  boundary  condition  is  satisfied  if 

h 


s + \ = rf-  M , 
nl 


or 


s / / s ,2  , "2 

+ V + i = — • 


to 


K 

c 

h. 
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1 


* 


The  map  z — w = z + y z +•  1 maps  the  plane  Re  z > 0 
onto  the  region  Re  w > 0,  |w|  > 1.  Thus  the  system  is  strongly 


o -we 11 -posed  if  and  only  if 


i 0 , 


Re  r~  < 0 
hl 


--  < 1. 

hi! 


tor  our  fifth  example  we  apply  the  results  of  Examples  1 


and  3* 


Example  3 ■ We  take  Si  to  be  an  annulus  in  E , 


{(r,^':0  < rQ  < r < r^,  0 < & < 2tt) 


and  our  equations  are 


a^r,0,t)  5v 

U,  = -U  *■  — «T£- 

t r ofl 


,/  , \ du  ?*V 

V,  = -Mr,  ',t>  v -r- 

t dr  dr 


For  our  boundary  conditions  we  take  for  r = r^  , 


103 


u +- 
r 


and  for  r = r. 


h1(^,t',v  = g°(0,t) 
~ +•  h [Q,t  v - g°(0,t)  , 


rQ  » 2 


)u  - k 6,t)v  - g1  ( ?,t 


• •e  assume  that  all  coefficients  fend  to  constants  as  f ->  rr.  :.ote 

o o 

r rx>  oecomes  - ^ in  the  notation  of  Definition  ' . 1. 

rom  Examples  1 and  3 we  have  sufficient  conditions  for  the 
system  ■ o be  well-posed: 


^(0,0  i o , 


Re 


k2 (0,t 


k^t^  b(Ve»t) 


< 1 , 


h2(e,t)  4 o , 


Re 


Re 


Re 


n1C©,t) 

hH^TtT 


2 1 


> -1  , 


avro,0,t 


h2l»,tJ  e ih1(0,t) 
a(r0  P,t) 

h2(0,t)  - ih1(P,t) 


< 1 , 


< 1, 


and  these  inequalities  must  also  be  satisfied  in  the  limit  as  t 
Using  the  techniques  of  Chapter  VI  we  obtain  the  estimate 
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The  Cauchy  problem  for  incompletely  parabolic  systems  is  well-posed  and  by 
means  of  the  energy  method  we  prove  existence  and  uniqueness  of  the  solution. 

The  method  we  use  for  the  initial  boundary  value  problem  is  similar  to  that 
used  by  Kreiss  for  strictly  hyperbolic  systems.  We  first  treat  systems  with 
constant  coefficients  on  a half-space.  The  boundary  conditions  are  linear 
combinations  of  the  dependent  variables  and  many  contain  first  derivatives  of 
the  variables  of  parabolic  type.  We  obtain  necessary  and  sufficient  conditions 
for  the  initial  boundary  value  problem  to  be  well-posed  when  the  coefficients 
are  constant  and  the  domain  is  a half -space.  'The  appropriate  norm  involves 
weighting  factors  which  accomodate  both  hyperbolic  and  parabolic  variables. 

The  well-posedness  is  equivalent  to  the  non-existence  of  eigensolutions. 
Eigensolutions  are  solutions  to  simpler  problems  than  the  original  incompletely  j 
parabolic  initial  boundary  value  problem.  Eigensolutions  are  of  either 
parabolic  or  hyperbolic  type  and  their  presence  indicates  that  the  solution 
does  not  depend  continuously  on  the  boundary  data  in  the  appropriate  norm. 

The  conditions  for  the  non-existence  of  eigensolutions  are  essentially  algebraic 
in  character. 

We  also  consider  incompletely  parabolic  systems  with  smooth  coefficients  on 
bounded  domain  with  smooth  boundary.  We  show  that  the  initial  boundary  value 
problem  is  well-posed  if  certain  constant  coefficient  problems  on  half-spaces 
are  well -posed.  This  is  carried  out  using  freezing  arguments  which  utilize 
Girding' s inequalities  for  pseudo-differential  operators. 

In  the  final  chapter  we  develop  a theory  of  pseudo-differential  operators 
that  depend  on  a parameter.  This  theory  is  used  to  prove  the  necessary 
Girding' s inequalities  referred  to  above. 

In  an  appendix  we  present  some  illustrations  of  the  use  of  the  methods 
presented  in  this  thesis. 
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